Accretion topics in astrophysics by Zalamea, Ivan
Accretion topics in astrophysics
Iva´n Zalamea
Submitted in partial fulfillment of the
requirements for the degree
of Doctor of Philosophy







Accretion topics in astrophysics
Iva´n Zalamea
Accretion theory is essential for understanding a multitude of varied astronomical
observations such as X-ray binaries, active galactic nuclei and gamma-ray bursts.
In this document three works on accretion will be presented. The first one is on
the structure of an inviscid accretion disc with small angular momentum around a
rotating black hole. This regime of accretion may occur in X-ray binaries and GRBs.
The second work is on neutrino antineutrino annihilation in the vicinity of a hyper-
accreting black hole. This work is relevant for the study of GRBs, in particular
it singles out when neutrinos may be responsible for powering GRBs. The third
work studies the tidal stripping of a white dwarf spiraling into a massive black hole.
The stripped matter accretes onto the black hole producing a transient emission,
presumably periodic, observable with X-ray and optical telescopes. At the same time
the white dwarf emits gravitational waves as it spirals into the black hole.
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Chapter 1
Introduction
1.1 Accretion in context
Accretion, understood as agglomeration of matter under the action of gravity, takes
a central role in the history of the universe. Under the cohesive action of gravity,
primordial density perturbations, in an initially quasi-homogeneous and hot universe,
gave rise to the granular appearance of the visible cosmos [Peebles, 1993]. The occur-
rence of accretion did not stop after the universe got its hierarchical structure of stars
assembled in galaxies and galaxies assembled in groups of galaxies. Accretion through
a disc onto a massive central object is an essential aspect in the present understand-
ing of protoplanetary discs (e.g. see [Armitage, 2010]), close binaries (see [Done et
al., 2007] for a review on X-ray binaries, and [Kato et al., 2008] for a discussion on
cataclysmic variables), gamma-ray bursts (GRBs; see [Piran, 1999], [Piran, 2004] and
[Me´sza´ros, 2006] for reviews) and active galactic nuclei (e.g. see [Krolik, 1999]).
Most of the astrophysical applications of accretion theory involve accretion discs
around a central massive object. A large number of different models have been con-
structed over the years (see the book [Kato et al., 2008] for an extensive review).
Most of the initial development was based on two types of discs, one optically thick
and slim ([Shakura and Sunyaev, 1973]), and the other optically thin and geometri-
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cally thick ([Thorne and Price, 1975], [Shapiro and Lightman, 1976]). The optically
thin model predicts a much higher temperature in the inner region of the disc than
the one predicted by the optically thick model, and it is able to explain observation
of hard X-rays from sources like Cygnus X-1. Later theory developments came from
relaxing two assumptions made in the initial models. One assumption was to require
Keplerian rotation of the disc in its inner region. The second assumption was to
ignore advection of energy by the disc. The transonic motion of the disc in its inner
regions impedes Keplerian rotation, this was first recognized by [Liang and Thomp-
son, 1980] and [Abramowicz and Zurek, 1981]. In the seminal work of [Abramowicz et
al., 1988], an optically thick advection dominated disc model was introduced. These
discs are characterized by accretion rates close to the Eddington accretion rate, and
their pressure is dominated by radiation. An influential model of an advection dom-
inated optically thin disc was introduced by [Narayan and Yi, 1994]. The model was
later applied to explain the spectrum of Sagittarius A∗ [Narayan et al., 1995]. Two-
temperature advection dominated models have been also constructed (see[Narayan
and Yi, 1995], [Nakamura et al., 1996], [Nakamura et al., 1997], [Manmoto et al.,
1997]). As in the case of [Shapiro and Lightman, 1976], two-temperature advection
dominated discs were constructed to explain the high energy part of the spectra ob-
served in active galactic nuclei. Later theory developments included reprocessing of
the X-ray emission from the inner region of an accretion disc by its outer regions. See
[Beloborodov, 1999] for a review of several disc models including ones with feedback
from X-ray reprocessing.
Boundary conditions at the inner edge of the disc is an issue usually debated.
In particular, how much torque is applied to the disc at its inner edge, has recently
attracted attention (see [Agol and Krolik, 2000], [Afshordi and Paczyn´ski, 2003],
[Shafee et al., 2008]). In recent years the debate has concentrated on finding the
importance, on the overall structure of the disc, of magnetic stress at the inner edge
of the disc. In the past the debate focused on the existence or not of a hard surface
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at the inner edge of the disc. The adequate fit of observations by accretion models
with black holes as the accretor, is an indirect proof of the existence of black holes
([Narayan et al., 1996]).
Accretion discs models are known to have several instabilities. Pioneering work by
[Lightman and Eardley, 1974] showed that the standard accretion discs are prone to
fragment in their inner regions, where the pressure is dominated by radiation (see also
[Shakura and Sunyaev, 1976]). This instability to density perturbations is known as
the secular instability or viscous instability. The inner regions of a standard accretion
disc are also unstable to temperature perturbations [Pringle, 1976]. The existence of
these instabilities have been proposed as explanations for the time variability observed
X-ray stars and AGN (see [Kato et al., 2008] for a general review of accretion disc
instabilities). The role of disc instabilities on the transition between different accretion
disc models (different spectral states) is an interesting open question.
Quasi-periodic oscillations, QPOs, are flickerings on the X-ray flux emitted by an
astronomical object. QPOs with frequencies centered around a few Hz were discov-
ered by [Middleditch and Priedhorsky, 1986] and [van der Klis et al., 1985]. QPOs
with frequencies centered around kHz have been also observed [van der Klis et al.,
1996]. The relation between accretion discs and QPOs is a topic of current research
(see [Abramowicz, 2005]). There have been attempts to link QPOs with waves prop-
agating on an accretion disc [Kato, 2001]. Recently, emission from the hot spots of an
accreting magnetized neutron star has been proposed as a mechanism for kHz QPOs
[Bachetti et al., 2010].
The study of astrophysical jets is an area of current research where accretion
theory takes a leading role (see [Belloni, 2010] for a compilation of recent review
articles). Active galactic nuclei exhibit jets usually observed in radio (e.g. see [Bridle
and Perley, 1984]) although emission in frequencies up to gamma-rays is also observed.
The jets originate from a very small region compared to the size of the host galaxy.
This is implied by a time variability of a few minutes (see [Begelman et al., 1984]
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for a review). Jets are also observed around black-hole X-ray binaries (see [Mirabel
and Rodr´ıguez, 1999] and [Fender et al., 2004]). Despite the very different scales
associated with AGN jets and X-ray binary jets, they are currently understood as the
result of accretion onto a black hole. Accretion onto a supermassive black hole in the
case of AGNs, and accretion onto a solar mass black hole in the case of X-ray binaries.
Another astrophysical situation were jets take an important role are GRBs. In these
case the existence of an ultra-relativistic jet is required by theory (e.g. [Piran, 2004]).
The formation and stability of the jets in all these astrophysical processes are topics
of current research. The importance of magnetic fields in the formation and stability
of jets has been recognized as essential (see [Blandford and Payne, 1982] for a seminal
work. [McKinney and Blandford, 2009] deals on the stability of magnetized jets).
1.2 Outline
In chapters 2, 3 and 4 of this document I present three works that, although are
independent of each other, all involve astrophysical processes in the vicinity of a
black hole with accretion as a common feature. A summary for each one of those
works follows.
Some of the most luminous astrophysical objects are associated with accreting
black holes [Shakura and Sunyaev, 1973]. The amount of angular momentum of
the in-falling matter determines if the accretion occurs radially or through a disc.
The two extreme cases, classically known as Bondi accretion and Shakura-Sunyaev
accretion, have been extensively studied. The first of the three works I will present
is a scenario in between these two classical regimes. We studied inviscid accretion
with just enough angular momentum to marginally form a disc around a rotating
black hole ([Zalamea and Beloborodov, 2009], this work is presented in chapter 2).
This regime may occur in X-ray binaries [Beloborodov and Illarionov, 2001] or in
collapsing stars [Beloborodov, 2008]. We find that a small-scale disc forms for in-falls
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with specific angular momentum of the order of l0 ≈ rgc, where rg = 2GM/c2 is
the Schwarzschild radius of the black hole. These discs are radiatively efficient, they
emit up to a 10% of the rest-mass energy of the accreting matter. Interestingly, a
hydrodynamical analog of the Penrose process occurs when the in-fall accretes with
angular momentum opposite to the angular momentum of the black hole.
The second work, presented in chapter 3, considers a hyper-accreting disc around
a black hole formed after the merger of binary neutron stars or the collapse of a
rotating massive star (collapsar) [Woosley, 1993]. Such a disc emits vast numbers of
neutrinos and antineutrinos (see [Narayan et al., 1992], [Popham et al., 1999], [Chen
and Beloborodov, 2007], and references therein). Some of them annihilate into rel-
ativistic electrons and positrons that may ultimately be responsible for creating an
outflow of matter and radiation from the disc. Additionally, neutrinos can create
electron-positron pairs by scattering off a strong magnetic field, this channel is im-
portant at low mass accretion rates. Including important general relativistic effects,
such as geodesic propagation of neutrinos and the structure of the accretion disc in
Kerr space-time, I calculated E˙νν¯ , the energy per unit time that neutrino annihila-
tion deposits into the electron-positron plasma [Zalamea and Beloborodov, 2011]. E˙νν¯
turned out to be a strong function of the mass accretion rate through the disc, the
angular momentum of the black hole and the mass of the black hole. Neutrinos de-
posit more than 1051 erg s−1 around the disc, for certain range of mass accretion rates
and angular momenta of the black hole. This power is comparable to the luminosities
observed from gamma-ray burst explosions.
In the third work, presented in chapter 4, it is found that a white dwarf spiraling
into a massive black hole gets its outer layers peeled off like the layers of an onion
[Zalamea et al., 2010]. Contrary to the usual tidal disruption of a star, a white dwarf
that spirals into a black hole due to gravitational radiation approaches the tidal
disruption radius very gently. The fractional change in periastron per orbit is of the
order of ∆rp/rp ≈ 10−5. The white dwarf loses first its outer layers where the matter
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density is much smaller than its average density. This combination of small numbers
ensures that the white dwarf goes around the black hole loosing mass for thousands of
orbits before it gets disrupted. Before and while the peeling is happening, this system
radiates gravitational waves detectable with the Laser Interferometer Space Antenna
(LISA). We predict that the mass lost by the white dwarf accretes into the black
hole and emits a transient electromagnetic signal, presumably periodic, observable
with X-ray and optical telescopes. The Large Synoptic Survey Telescope (LSST) will
be able to resolve the time variability of the expected optical signal. The estimated
X-ray luminosities are detectable by present day X-ray telescopes.
The remainder of this chapter gives an introduction to the general subjects on
which the previous three works stand.
1.3 Basics of accretion
An outstanding problem for physicists has been to explain the large power emitted
by some astronomical objects. It was not until the discovery of nuclear fusion that
we understood how the Sun is able to shine at a rate of a few times 1033 erg s−1 for
billions of years. In this context, understanding the huge luminosity of X-ray binaries
(' 1036 erg s−1), active galactic nuclei (' 1045 erg s−1) or gamma-ray bursts (' 1052
erg s−1) poses a serious challenge. Flow of matter into the deep gravitational well of
a black hole or a compact star may be a source of extremely large luminosities. A
body of mass m that approaches a black hole of mass MBH from far away experiences









This energy change is comparable to the body’s rest-mass if the approaching radius
r is a few Schwarzschild radii, rg ≡ 2GMBH/c2. As will be described next, accretion
of matter into a compact star or a black hole is an efficient mechanism for tapping
gravitational energy into light or neutrinos.
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1.3.1 Motion of the accreting matter
The dynamics of fluid in a gravitational field of metric gµν is determined by (e.g.[Lan-
dau and Lifshitz, 1971])
1√−g∂µ(
√−gρuµ) = 0, (1.2)
1√−g∂µ(






where ρ and uµ are the fluid density and 4-velocity. T µν is the relevant energy mo-
mentum tensor. The determinant of the metric is g ≡ det[gµν ]. Equations 1.2 and 1.3
state conservation of baryonic mass and conservation of energy and momentum.
For a classical viscous fluid, in the limit of Newtonian gravity for a central mass
MBH , the hydrodynamical equations (corresponding to equations 1.2 and 1.3) are
∂ρ
∂t
+∇ · (ρu) = 0, (1.4)
∂u
∂t








+ ρ(u · ∇)+ p∇ · u = Q˙, (1.6)
where u is the velocity field, p is the pressure, ν is the coefficient of kinematic viscosity
(treated as cosntant),  is the internal energy of the fluid per unit mass, and Q˙ is the
power per unit volume either gained or lost by the fluid. Equations 1.4, 1.5 and 1.6
express conservation of mass, momentum, and energy.
1.3.2 Minimum specific angular momentum for disc accre-
tion
For an accretion disc to form, the accreting matter is required to have a minimum
amount of specific angular momentum, estimated by lmin ≈ r∗u∗, where r∗ is the
radius of inner boundary of the accretion flow and u∗ is the required velocity for a
circular orbit at that radius. If the accreting object is a star, r∗ is typically the radius
of the star and u∗ =
√
GM/r∗, where M is the mass of the central object. If the
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accreting object is a black hole, r∗ is comparable to the gravitational radius of the
black hole rg ≡ 2GM/c2, and u∗ is comparable to the speed of light c.
In the case of wind-fed X-ray binaries and collapsars the specific angular mo-
mentum of the accreting flow may be comparable to lmin. These cases are of special
interest for us in view of the work presented in chapter 2.
1.3.2.1 Wind-fed X-ray binaries
In this section we follow closely the discussion in [Frank et al., 1992]. Early type (O








where ME is the mass of the early type star, RE its radius and λ a factor of order
unity. A compact object orbiting around an early type star accretes from the wind of
the early type star. This systems are known as wind-fed X-ray binaries. The compact
object, either a neutron star or a black hole, will only capture wind material that is
inside a cylinder around the star and with axis along the direction of motion of the
wind as seen from the compact object. The condition for the wind to be captured is
that the gravitational potential energy should be smaller than kinetic energy of the




where M is the mass of the compact object. The average angular momentum of the
accreting matter is l = r2accΩ/4 [Illarionov and Sunyaev, 1975], where Ω is the angular
velocity of the compact object around the early type star.
For typical values, vW ≈ 108 cm s−1, racc ≈ 1011 cm and P = 2pi/Ω ≈ 1–5 days
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is close to unity. In chapter 2 we present an accretion disc with angular momentum
comparable to rgc.
Numerical studies have shown that compact objects accreting from a wind, present
flows that change with time the sign of the average angular momentum of the accreting
matter (e.g. see [Ishii et al., 1993] and [Livio et al., 1991]). These phenomena, known
as the flip-flop instability, is another example of accretion flows with just marginal
angular momentum to form a disc.
1.3.2.2 Collapsar model
The collapsar model [Woosley, 1993] proposes the collapse of a massive star as the
initial scenario for GRBs and supernovae. The formation or not of an accretion disc
strongly depends on the distribution of angular momentum in the interior of the
collapsing star. Figure 1.1 (from [Woosley and Heger, 2006]) shows the distribution
of angular momentum in the interior of a massive star. The black curve presents the
result of their calculations. The red curve shows the angular momentum of the inner
most stable circular orbit around a black hole with the mass and angular momentum
inside a given radius of the massive star. The point where the red and black curves
cross, marks the transition from almost spherical accretion to disc accretion. For the
model showed in Figure 1.1 this happens at about 3.5M. A short lived mini-disc
may form around the transition from spherical to disc accretion.
1.3.3 Standard viscous accretion disc
A canonical solution for equations 1.4, 1.5 and 1.6 is the case of a steady, axisymmetric
accretion disc [Shakura and Sunyaev, 1973]. The rotation of the disc material is almost
Keplerian with l lmin. The radial velocity of the matter in the disc is proportional
to the kinematic viscosity, and it is assumed to be much smaller than the azimuthal
velocity. There is almost no motion in the direction perpendicular to the disc, and
hydrostatic balance between the gravitational tidal field of the central object and the
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Figure 1.1: Angular momentum distribution in the interior of a pre-supernova. The
black curve shows the specific angular momentum as a function of the mass from the
center. The initial mass of the star is 16M and the equatorial velocity before the
collapse was chosen to 390 km s−1. The other three curves show the show angular
momentum of the last stable circular orbit for a Schwarzschild black hole, a maximally
rotating Kerr black hole, and a black hole with the mass and angular momentum
inside a given radius of the massive star (from [Woosley and Heger, 2006]).
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pressure in the disc is established.
1.3.3.1 Viscosity and its origin
Viscosity is needed for this accretion picture to work. Keplerian motion of concentric
rings implies that the accreting matter steadily loses angular momentum as it makes
its way inwards. Angular momentum transport by microscopic collisions of particles
(molecular viscosity) is too small to drive the accretion. Two other mechanisms can
transport angular momentum more efficiently, turbulent motion and magnetic stresses
[Shakura and Sunyaev, 1973].
The origin of turbulent motions in the context of weakly magnetized accretion
discs was first developed in [Balbus and Hawley, 1991] (see [Balbus and Hawley,
1998] for a review). These authors recognized that for a differentially rotating disc,
linear perturbations grow at a rate of the order of Ω, the angular velocity of the flow.




This condition is satisfied by a disc in Keplerian rotation, and independent of the
smallness of the initial seed magnetic field. Linear perturbations grow by a factor
of exp (ΩT ) = 535.5 per orbit. Numerical simulations have shown that electrical
resistivity, η, can hinder the ability of MRI to transport angular momentum [Fleming
et al., 2000]. These authors found that MRI effectively transports angular momentum
across the radial direction of the disc if
η . 10−4csH (1.11)
where H and cs are the scale height of the disc, and the sound speed on the disc.
The kinematic viscosity from turbulence is ν = vt × l, where vt and l are the
typical velocity and length scales of the largest turbulent structures, eddies. It is
expected that l ≤ H, where H is the scale-height of the disc. Hydrostatic balance
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implies H/r ' vs/uφ, where r is the radial position on the disc and vs is the sound
speed. The rate of angular momentum transfer from neighboring rings is then









where Keplerian rotation is assumed. The turbulent velocity is expected to be sub-
sonic, i.e. vt/vs 6 1. Magnetic transport of angular momentum along the radial
direction is estimated as






where EB/Eth is the ratio of magnetic energy density to thermal energy density. From
the equipartition principle, this ratio is expected to be smaller than one. Following
this line of thought, [Shakura and Sunyaev, 1973] parametrized kinematic viscosity
as
ν = αvsH with α 6 1. (1.14)
1.3.3.2 Energetics of the disc
The standard accretion disc theory predicts that due to the viscosity, the accreting











where M˙ is the steady (and hence radius independent) mass flow rate through the
disc. The radius r? denotes the inner edge of the disc. In the case of an accreting
black hole, r? would be the innermost stable circular orbit (ISCO). The total power










One can push this result to get an estimate of how much heat is given to the accreting
matter if the central object is a black hole. For a Schwarzschild black hole, r? =
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6GMBH/c
2. For a maximally rotating Kerr black hole the ISCO extends down to its
horizon, r? = GMBH/c








These powers are comparable to the rest-mass energy per unit time accreted by the
black hole. Instead of 1/12 and 1/2, the exact coefficients in equation 1.17 are 0.057
and 0.42, respectively.
1.3.4 Emission from the accretion disc
Accretion discs efficiently tap gravitational energy into thermal energy. The spectrum
of the radiation emitted by the disc is determined by the momentum distribution
functions of the emitting particles, mainly electrons but also ions, and by the diffusion
of photons along the perpendicular direction of the disc.
1.3.4.1 Blackbody emission
A simple case one can imagine is a steady, optically thick and geometrically thin disc
where different species of particles achieve thermal equilibrium, and the disc radiates
as much power as heat is viscously dissipated per unit time. In such a case the disc
emits a blackbody spectrum1. We can find the temperature of the blackbody radiation













where σ is Stefan-Boltzman constant. For MBH = 10M and M˙ = 1018 g s−1, the
disc’s surface temperature Ts peaks at about 4 × 106 K, which corresponds to soft
X-ray emission.
1See [Shimura and Takahara, 1993] and [Davis and Hubeny, 2006] for more accurate spectral
models.
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1.3.4.2 Two temperature disc models
A famous X-ray source where accretion theory has been successfully applied is Cygnus
X-1. The spectrum of the emitted radiation involves detailed microphysics. One of
the many papers on Cygnus X-1 that illustrates the complexities of the spectrum
formation is [Shapiro et al., 1976]. In this work the authors present a steady state
disc model where the inner region of the disc is optically thin to radiation. In this
region, electrons and ions do not share the same temperature. The outer part of
the disc is in thermal equilibrium and emits as a blackbody with temperature given
by 1.18. Hot electrons in the inner part of the disc Compton scatter the photons
emitted by the colder outer region of the disc. These up-scattered photons form the
X-ray part of the observed spectrum.
Although the work [Shapiro et al., 1976] was ground breaking, it was found ther-
mally unstable [Piran, 1978] and was superseded by solutions where advection of the
energy released by viscosity is important, e.g. [Esin et al., 1998]. The luminosity of
the disc is highly suppressed when the diffusion time for photons across the vertical
direction of the disc is much larger than the accretion time. In such a case a large
fraction of the viscous heat is advected by the accreting matter [Abramowicz et al.,
1988]. A similar regime occurs when the disc is optically thin but unable to radi-
ate its heat on the accretion time-scale. This regime of accretion has been applied
to X-ray binaries and galactic nuclei. (See [Narayan et al., 1998] and [Narayan and
McClintock, 2008] for reviews).
1.3.4.3 Neutrino cooled discs
In some cases the emitted radiation is not even of electromagnetic nature. It has
been theorized that during the collapse of a Wolf–Rayet star an accretion disc forms
with accretion rates of 0.1—1M/s [Woosley, 1993]. In the inner region of such a
disc, electron temperatures are higher than (mn−mp)c2/kB and neutrino emission is
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energetically possible via
e− + p→ n+ νe and e+ + n→ p+ ν¯e. (1.19)
Neutrino emitting discs are constructed in a similar way as the discs discussed
above, except that the cooling physics is modified (see [Narayan et al., 1992], [Popham
et al., 1999], [Chen and Beloborodov, 2007], see [Beloborodov, 2008] for a review).
One must take into account lepton number conservation and the transport prop-



















where H is the scale height of the disc, N˙ν and N˙ν¯ are the number fluxes of neutrinos
and antineutrinos leaving the disc, ρ is the baryon density of the disc, Ye is the ratio
of proton number density and the total baryon number density, and nν and nν¯ are
the neutrino and antineutrino number densities. In [Chen and Beloborodov, 2007]
the authors find that N˙ν ≈ N˙ν¯ , and Ye is close to its local thermal equilibrium value.
The transport of neutrinos across the disc is characterized by their optical depth,
which is determined by the cross sections for several neutrino interactions. Neutrinos
can be absorbed by nucleons or annihilate into electrons and positrons. There is
also neutrino scattering by baryons, electrons and positrons. The cross sections for
all these processes are of the same importance (of the same order of magnitude) for
neutrinos with energies of a few MeV (see [Burrows and Thompson, 2002] or appendix
B of [Chen and Beloborodov, 2007]).
Hyper-accreting discs emit large neutrino fluxes if the mass accretion rate is larger
than M˙ign. The disc is efficiently cooled by neutrinos if the mass accretion rate
is below M˙trap. The characteristic accretion rates M˙ign and M˙trap depend on the
viscosity parameter α. They were calculated in [Chen and Beloborodov, 2007], and
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The coefficients Kign and Ktrap are functions of the black-hole spin a. For a = 0,
Kign = 0.071Ms−1 and Ktrap = 9.3Ms−1. For a = 0.95, Kign = 0.021Ms−1 and
Ktrap = 1.8Ms−1.
Even for hyper-accreting discs equation 1.18 ( changing σ by 7σ/8 to account for
the different statistics of neutrinos and photons) is a good estimate for the temper-
ature of neutrinos emitted by the optically thick regions of the disc. See section 3.2
for the spectrum of neutrinos in optically thin regions of the disc. The disc is slim in
its inner region if the mass accretion rate is in between M˙ign and M˙trap.
1.3.5 Further considerations
There are many important aspects of accretion disc theory that are not discussed in
this short introduction. This section ends with a list of caveats to keep in mind.
The disc may not necessarily be geometrically thin. A general class of geometri-
cally thick discs are advection dominated accretion flows (ADAFs). In this case the
disc puffs up because of its high internal energy content (See [Narayan et al., 1998]
and [Narayan and McClintock, 2008] for a reviews). If on the surface of the disc the
radiation pressure force on ions is larger than the bounding gravitational tidal force,
then the disc puffs up. The critical luminosity when this happens is known as the
Eddington luminosity. The mass accretion rate may not be stationary. For example
a disc that formed during the collapse of a Wolf–Rayet star will have a variable ac-
cretion rate resembling the density stratification of the star before the collapse. The
accretion disc of an active galactic nucleus is partially fed by sporadic tidal disruption
of stars. Many different instabilities can occur in accretion discs. Some can be ther-
mally unstable, or gravitationally unstable and prone to fragmentation. Extended
discussion of this considerations is found in [Pringle, 1981].
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Figure 1.2: Sky distribution of GRBs. The figure shows about a thousand bursts
detected by BATSE before 1997 (from [Meegan et al., 1996]).
1.4 Gamma-ray bursts
In the late 1960s the Vela satellites, designed to detect nuclear detonations on Earth,
serendipitously detected short bursts of gamma-rays not originating from the Sun
or the Earth [Klebesadel et al., 1973]. Gamma-ray bursts (GRBs), as they are now
known, are the most energetic explosions since the Big Bang. These explosions involve
the release of energies comparable to a thousandth of the rest-mass energy of the sun
in a few seconds. See [Piran, 1999], [Piran, 2004] and [Me´sza´ros, 2006] for reviews.
1.4.1 Observations
At the time of their discovery it was unknown if GRBs were coming from cosmolog-
ical distances or from the nearby universe. Now we know, from redshift measure-
ments [Metzger et al., 1997], that they come from cosmological distances and are
uniformly distributed on the sky (see figure 1.2, from [Meegan et al., 1996]).
GRBs radiate most of the energy in a few seconds. Since early observations, it
was noted that the duration of GRBs follows a bimodal distribution. The boundary
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Figure 1.3: Distribution of GRB durations. T90 is the time in which the detector
receives 90% of the total burst energy (from [Meegan et al., 1996]).
between the two distributions is at about 2 seconds. Bursts lasting longer than 2
seconds are known as long GRBs and short otherwise. Figure 1.3 shows the duration
distribution for bursts detected by BATSE on and before 1996.
Telescopes keep detecting emission from the source for several days after the initial
burst of gamma-rays. Figure 1.4 (from [Panaitescu, 2006]) shows the light curve for a
typical GRB. The prompt emission (typically lasting 0.1–103 seconds) is followed by
a fast decay in flux and the spectrum shifts to the X-ray range. In this phase flares
are common. Between 103 and 105 seconds usually a plateau is observed, sometimes
accompanied by flares. Then the X-ray luminosity decreases. At about 106 seconds,
a steepening in the light curve is often observed. If this “break” is achromatic, it is
associated with the beaming angle of the explosion. Using this interpretation, energies
of about 1051–1052 erg have been inferred for GRBs (see [Sari et al., 1999], [Cenko et
al., 2010]).
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Figure 1.4: Typical light curve showing the prompt and afterglow emission from GRB
050315 (from [Panaitescu, 2006]).
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Figure 1.5: Shape of the spectrum of the prompt emission from GRBs. The peak of
the spectrum is typically in between 0.1 and 1 Mev (from [Briggs et al., 1999]).
CHAPTER 1. INTRODUCTION 21
A typical spectrum of the prompt emission is shown in figure 1.5 (from [Briggs
et al., 1999]). Most of the energy of the GRB is carried by photons of energies of
Epeak ≈ 1 MeV. This spectrum can be fitted with two power laws with different indices
on each side of Epeak (e.g.[Band et al., 1993]). The prompt emission is produced
by Compton scattering of low energy photons and, if a significant magnetic field is
present, through synchrotron radiation from electrons and positrons. A “hot” flow of
electrons and positrons is needed for this emission processes to work. One proposed
way for heating the electron flow is through the formation of shock fronts in the GRB
outflow [Rees and Meszaros, 1994]. Another mechanism is heating of the electrons
via energy dissipation by magnetic reconnection (see [Thompson, 1994], [Spruit et
al., 2001], [Giannios, 2008]). A third mechanism that produces this spectrum is pion
creation after the collisions of neutrons and protons in the GRB outflow. The pions
ultimately decay into e+e− pairs which eventually create the observed high energy part
of the spectrum by Comptonization of the lower energy photon field [Beloborodov,
2010].
1.4.2 Central engine
The typical time variability of the prompt emission from GRBs is of about τ ≈ 10−2s.
This would imply that the emitting region should not have an spatial extension of
more than l = τc ≈ 3000 km. From observations we know that GRBs emit about
E ≈ 1051erg in gamma rays. This has the paradoxical implication that gamma-rays
with an energy density of E/(4pil3/3) will immediately produce electron positron pairs
via γγ → e+e−, implying that the high energy part of the spectrum should not be
observed. A solution for this paradox is to propose that the photons are emitted by
matter moving with a large Lorentz factor, Γ, towards the observer. The effect of
this is two-fold. One, the time variability in the frame of the matter flow is dilated
with respect to the observer by a factor of 2Γ. Two, the energy of the photons in
the rest frame of the flow is reduced by a factor of Γ, and this reduces the number of
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photons that can pair produce. From these arguments one infers that GRBs should
be produced from ultra-relativistic matter flows with Lorentz factor of the order of
100 or larger (e.g. see [Lithwick and Sari, 2001] and also [Piran, 1999], [Me´sza´ros,
2006]).
The physical processes that create the macroscopic flow of ultra-relativistic matter
is a topic of current research. There are two leading mechanisms. Both of them involve
a central black hole which forms after the collapse of a massive star or the merger of
two compact objects.
One mechanism stipulates that most of the energy of the GRB comes from the
radiation emitted by a hyper-accreting accretion disc around the black hole. In this
case neutrinos carry away energy from the disc and subsequently deposit part of
it in the vicinity of the black hole by annihilating into electron-positron pairs via
νν¯ → e+e− (see [Narayan et al., 1992], [Popham et al., 1999], [Chen and Beloborodov,
2007], [Zalamea and Beloborodov, 2011] and references therein).
The second leading mechanism stipulates that most of the energy of the GRB
comes from the rotational energy of the newly formed black hole. The rotational en-
ergy of the black hole can be carried away by a Poynting flux if there is a regular large
scale magnetic field that pierces the black hole ([Blandford and Znajek, 1977]). An
open question is how efficiently can the electromagnetic Poynting flux be dissipated
into kinetic energy of the matter flow and energy of the radiation flow (e.g. [Metzger
et al., 2011]).
1.5 Gravitational waves
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predicts the existence of gravitational waves when linearized around Minkowski metric
ηµν . Writing the metric as
gµν = ηµν + hµν , |hµν |  1, (1.23)




where only linear terms in hµν are kept, and
h˜µν ≡ hµν − hααηµν . (1.25)
Equation 1.24 is a wave equation for each component of h˜µν .
1.5.1 Gravitational radiation from point masses
The effect of gravitational radiation on the Keplerian orbit of two point masses was
worked out by [Peters and Mathews, 1963] and [Peters, 1964]. These authors find
that the binary system loses energy and angular momentum at the following average
rates per orbit






























where m1 and m2 are the masses of the point particles, and a and e are the semi-major
axis and eccentricity of the orbit. Although equations 1.26 and 1.27 were derived for
the case when the metric is everywhere close to Minkowski, [Martel, 2004] finds them
to be a good approximation for the case when one of the masses is a Schwarzschild
black hole and the other one is a test particle.
1.5.2 Detection of gravitational waves
The first experimental evidence for the existence of gravitational waves came from
the precise measurements of the orbital period of a binary system ([Hulse and Taylor,
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1975], [Taylor and Weisberg, 1989] and [Weisberg et al., 2010]). Figure 1.6 shows, for
PSR1913+16, the remarkable agreement between the observed change in the orbital
period and the prediction from general relativity.
Although the agreement between theory and observations for PSR1913+16 is a
confirmation of the existence of gravitational radiation, so far there has not been
direct detection of gravitational waves. There are several experiments that aim at a
direct detection. The Laser Interferometer Gravitational Wave Observatory (LIGO)2
is a ground based detector which uses two laser interferometers to detect gravitational
waves. LIGO is most sensitive to gravitational waves with frequencies around 102 Hz.
Such waves can be produced by mergers of stellar-mass compact objects. Another
proposed experiment is the Laser Interferometer Space Antenna34. LISA is expected
to be most sensitive at frequencies around 10−3 Hz, this includes mergers of massive
black holes and mergers of massive black holes and stellar mass compact objects.
Figure 1.7 shows the sensitivities of LISA and LIGO and the expected detectable
sources for each experiment.
The possibility of dual detection of gravitational and electromagnetic radiation
has recently attracted the attention of the astrophysical community. See [Bloom et
al., 2009] and [Phinney, 2009] for two Astro2010 Decadal Survey Whitepapers. A
particular application worth of attention is the possibility to create a new version of
the Hubble diagram based on gravitational distance measurements (see [Menou et al.,
2008] and references therein).
2http://www.ligo.caltech.edu/
3http://lisa.nasa.gov/
4LISA was initially a joint project of NASA and ESA, but currently NASA has backed out and
it is under study only by ESA.
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Figure 1.6: The figure shows the cumulative shift of periastron time for pulsar PSR
1913+16 since October 1974. Figure from [Weisberg et al., 2010].
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Figure 1.7: The figure shows the gravitational wave amplitude for which LISA and
LIGO are sensitive as a function of the gravitational wave frequency. The shaded
regions show different sources that would produce detectable signals. Adapted from
http://imagine.gsfc.nasa.gov/
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Chapter 2
Mini-discs around spinning black
holes
Ivan Zalamea, Andrei M. Beloborodov
[Published in MNRAS, 398:2005–2011, October 2009]
Accretion onto black holes in wind-fed binaries and in collapsars forms small rotating
discs with peculiar properties. Such “mini-discs” accrete on the free-fall time without
help of viscosity and nevertheless can have a high radiative efficiency. The inviscid
mini-disc model was previously constructed for a non-rotating black hole. We extend
the model to the case of a spinning black hole, calculate the structure and radiative
efficiency of the disc and find their dependence on the black hole spin. If the angular
momenta of the disc and the black hole are anti-aligned, a hydrodynamic analog of
Penrose process takes place.
2.1 Introduction
The mini-disc model was motivated by the estimate for angular momentum of ac-
cretion flows, l, in wind-fed X-ray binaries ([Illarionov and Sunyaev, 1975] ; [Shapiro
and Lightman, 1976] ; [Illarionov and Beloborodov, 2001]). These systems happen to
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have l ∼ rgc, where rg = 2GM/c2 is the gravitational radius of the black hole. It is
marginally sufficient to form a centrifugally supported disc. Then a small disc can
form, which is not supported centrifugally and instead accretes on the free-fall time
([Beloborodov and Illarionov, 2001], hereafter BI01). The mini-disc accretes so fast
(super-sonically) that the effects of viscosity can be neglected. A similar disc may
form inside collapsing stars ([Lee and Ramirez-Ruiz, 2006] ; [Beloborodov, 2008]).
The mini-disc can be thought of as a caustic in the equatorial plane of a rotating
accretion flow. It absorbs the feeding infall, and this interaction releases energy,
making the accretion radiatively efficient. With increasing angular momentum, the
size of the disc grows up to 14rgc, and at this point the centrifugal barrier stops
accretion, so that it can proceed only on a viscous timescale. Thus, the mini-disc
model fills the gap between two classical regimes of accretion — spherical (l < rgc,
[Bondi, 1952]) and standard accretion disc (l  rgc, [Shakura and Sunyaev, 1973])
— and is qualitatively different from both.
The calculations of BI01 were limited to the case of a Schwarzschild black hole.
In the present paper we study the mini-disc around Kerr black holes. The model is
constructed under the following assumptions:
(i) The flow is axially symmetric. We assume that the rotational axes of the
accretion flow and the black hole are aligned (or anti-aligned).
(ii) The flow is symmetric under reflection about the equatorial plane. The sym-
metric streamlines collide in the equatorial plane and form a ring-like caustic around
the black hole.
(iii) The flow falls freely (ballistically) from a large radius r  rg until it hits the
caustic; its pressure is negligible everywhere except in the mini-disc. This assumption
is valid if the flow is cooled efficiently (by radiation in X-ray binaries or by neutrinos in
collapsars). The heat released in the shocks that accompany the disc-infall interaction
is assumed to be quickly radiated away, so that the shocks stay near the disc plane,
forming a “sandwich”. The validity of this assumption is discussed in BI01 for the
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case of X-ray binaries and in [Beloborodov, 2008] for collapsars.
(iv) The flow is quasi-steady: its accretion rate and angular momentum remain
constant on the timescale of accretion through the mini-disc (which is comparable to
the free-fall time from r ∼ 10rg).
The paper is organized as follows. Section 2 describes the parabolic ballistic infall
in Kerr metric and its ring caustic in the equatorial plane. In section 3 we write down
the equations that govern the gas motion in the caustic (the mini-disc) and solve
the equations numerically. In section 4 we calculate the total luminosity of the disc
observed at infinity, taking into account the light capture into the black hole.
2.2 Supersonic infall with angular momentum
The spacetime of a black hole of mass M and angular momentum J is described by


















(r2 + a2)2 − a2∆ sin2 θ] dφ2, (2.1)
ρ2 = r2 + a2 cos2 θ, (2.2)
∆ = r2 − rgr + a2. (2.3)
The spin parameter of the black hole a = J/Mc has dimension of cm and must be
in the interval |a| ≤ rg/2 = GM/c2. Throughout the paper we shall also use the
dimensionless parameter a? = ac
2/GM , |a?| ≤ 1.
We assume that the gas infall forms at a large radius r  rg, where it is efficiently
cooled and, like dust, begins to fall freely towards the black hole. A streamline of this
ballistic infall is determined by three integrals of motion: specific angular momentum
l, its projection lz on the spin axis of the black hole, and specific orbital energy E ≈ c2
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(the infall is nearly parabolic). The four-velocity of a parabolic free-fall in Kerr metric
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2 θ∞ − cot2 θ). (2.9)
The ballistic accretion flow is completely specified by the distribution of its density
and angular momentum on a sphere of a large radius r  rg. As the gas approaches
the black hole and develops a significant rotational velocity, the infall is deflected from
pure radial motion, and its streamlines intersect in the equatorial plane. The radius
of this collision is determined by the angular momentum of the colliding symmetric
streamlines.
2.2.1 Collision Radius
The streamline coming from an asymptotic direction (θ∞, φ∞) with angular momen-
tum l(θ∞, φ∞) reaches the equatorial plane and collides with the symmetric streamline
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Figure 2.1: Fractional difference between the exact r? and its approximation (eq. 2.11)
as a function of l. The curves start at l0 = l? that corresponds to r? at the horizon
of the black hole. All curves are plotted for maximally rotating black holes (a? = 1),
when eq. (2.11) is least accurate.
We solved this equation for r? numerically (it involves an elliptic integral on the


















where l2eff ≡ l2 + (ac)2− 2acl sin θ∞. The accuracy of this approximation is shown in
Figure 2.1. It is better than 3 per cent when r? is outside the horizon, for any set of
parameters relevant for the mini-disc formation.
The collision radius is maximum for the streamlines near the equatorial plane
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2.2.2 Non-intersection of streamlines above the equatorial
plane
The ballistic flow defines a mapping from the sphere (θ∞, φ∞) to a sphere of radius
r (cf. BI01): (θ∞, φ∞) → (θ(r), φ(r)). The streamlines of the flow do not intersect
before reaching the equatorial plane if the Jacobian of this mapping remains positive











 > 0. (2.13)
This condition is equivalent to ∂θ(r)/∂θ∞ > 0. Using the relation between θ and r,
cos θ(r)
cos θ∞







one finds that J > 0 if
d cos θ(r)
d cos θ∞
= cosψ − cos θ∞ sinψ dψ
d cos θ∞
> 0. (2.15)
This condition must be checked for a given distribution of angular momentum l(θ∞).
In the numerical examples below we assume a distribution of the form
l(θ∞) = l0 sin θ∞, (2.16)
(rigid-body rotation at infinity). We find that the streamlines do not intersect before
reaching the ring caustic in the equatorial plane.
2.3 Disc Dynamics
We consider here only accretion flows that are asymptotically spherical at r  rg, i.e.
we assume that the accretion rate at infinity is spherically symmetric, dM˙/dΩ∞ =
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const = M˙tot/4pi. Streamlines that start at θ∞ with angular momentum l(θ∞) reach
the equatorial caustic at a radius r?(θ∞). The accretion rate through the disc at a
radius r, M˙(r), equals the net accretion rate along the streamlines that enter the
caustic outside r,
M˙(r) = M˙tot cos θ∞(r), (2.17)
where θ∞(r) is the asymptotic polar angle of streamlines that collide at radius r. We
find it by inverting the function r?(θ∞).
Matter inside the disc moves horizontally with four-velocity ui = (ut, ur, 0, uφ)
and density ρ. The disc is steady and axially symmetric, so ui and ρ depend on r
only. Equations for ui(r) and ρ(r) are derived using the conservation laws for baryon
number, energy and momentum. These laws are expressed by the following general
equations (e.g.[Landau and Lifshitz, 1971]),
1√−g∂i(
√−gρui) = 0, (2.18)
1√−g∂k(






where T kl = ρc2ukul is the stress-energy tensor; we assume that it is dust-like every-
where, i.e. neglect the internal energy density, pressure, and magnetic fields compared
with ρc2. The radiation leaving the disc contributes to the energy momentum tensor
with (e.g. [Misner et al., 1973])
T ijrad = u
iqj + ujqi, (2.20)
where qi is the four-flux of radiation. The effects of radiation on the dynamics of the
disc are of the order of  = L/M˙c2, where L is luminosity of the disc. In what follows
we will neglect the contribution of T ijrad since for most disc models  1. Above the
disc, the stress-energy tensor is that of the ballistic infall. The infall four-velocity and
density just above the disc shall be denoted by uˆi and ρˆ, to distinguish them from
the similar quantities inside the disc, ui and ρ. Then the conservation laws (eqs. 2.18
CHAPTER 2. MINI-DISCS AROUND SPINNING BLACK HOLES 34





















Here M˙ = 2pirhρur, h is the thickness of the disc, and Tˆ kl = ρˆc2uˆkuˆl is the stress-














For i = {t, φ} (conservation of energy and angular momentum) the right-hand side















1 In general, conservation laws are written in the form
∂µ(f
µ) = g. (2.21)
We want to integrate equation 2.21 across the perpendicular direction of a planar region, with



























for any volume V . Using divergence theorem we can write∫
∂V











fr) + 2fˆθ = −h
r
g, (2.25)
where ·ˆ means evaluation of the function just above the disc.
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For i = r, equation (2.28) expresses conservation of radial momentum. Its right-
hand side does not vanish, and one needs to evaluate ∂gkl
∂r
ukul. Substituting uφ =
(uφ − gtφut)/gφφ, using uiui = −c2 and collecting terms one can write
∂gkl
∂r
ukul = A+B(ur)2 + Cu2φ +Duφu
t, (2.32)
where A,B,C and D are functions of r only (detailed calculation of this coefficients
is presented in Appendix A),
A = − rgc
2[r4 + a4 + 2a2r(r − rg)]
r[a2 + r(r − rg)][r3 + a2(r + rg)] ,
B = 2∂rgrr − a
2r(2r − 3rg)
[a2 + r(r − rg)][r3 + a2(r + rg)] ,
C =
r4(2r − 3rg)− 2a4rg + a2r(2r2 − 3rgr + 3r2g)
[a2 + r(r − rg)][r3 + a2(r + rg)]2 ,
D = − 2arg(3r
2 + a2)
[r3 + a2(r + rg)]2
. (2.33)









A+ (B − 2∂rgrr)(ur)2 + Cu2φ +Duφut
2grrur
. (2.34)
Finally, ut can be expressed in terms of ur and uφ from uiu
i = −c2,
(ut)2 = 1 +
rg(r
2 + a2)
r[a2 + r(r − rg)] +
u2φ/c
2
a2 + r(r − rg)
+
r4 + a2r(r + rg)
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In equation (2.34) all quantities are known functions of radius except ur. We solve nu-
merically this differential equation for ur(r). Example solutions are shown in Fig. 2.2,
where we plot the radial and azimuthal velocities measured by ZAMO (zero-angular-
momentum observer at fixed r; Appendix B gives the transformation of 4-vectors to
the ZAMO frame).
If the angular-momentum parameter of the flow, l0, exceeds a critical value lcr,
accretion in the disc is stopped by the centrifugal barrier (ur changes sign). For flows
with l0 < lcr the radial velocity remains everywhere negative. As l0 approaches lcr
the trajectory of disc accretion makes more turns around the black hole (see Fig. 2.3)
and at l0 = lcr it makes infinite number of turns. Similar behavior was found for
mini-discs around Schwarzschild black holes; in this case lcr = 2.62rgc (BI01). For
spinning black holes, lcr depends on a?. We have evaluated numerically lcr(a?) and
the corresponding maximum size of the mini-disc rd(a?). The results are shown in
Figure 2.4.
Figure 2.4 also shows the minimum value of l0, denoted by l?, that is required to







Accretion proceeds in the inviscid mini-disc regime when l? < l0 < lcr. This range
shrinks with increasing a? > 0, and expands if a? < 0 (which means that the black
hole and the accretion flow rotate in the opposite directions).
Matter in the polar region of a quasi-spherical accretion flow falls directly into
the black hole before crossing the equatorial plane. The mini-disc is formed in the
other, equatorial part of the flow (cf. Fig. 1 in BI01). The boundary between these
two accretion zones is determined by the condition r?(l) = rh. Equation (2.17) gives
the fraction of M˙tot that accretes through the disc,
M˙(rh)
M˙tot
= cos θ∞(rh), (2.37)
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Figure 2.2: Upper panel: solutions for the radial velocity measured by ZAMO (in
units of c) of the parabolic infall above the disc and the matter inside the disc. Two
cases are shown: a? = 0.6, l0 = 2.1rgc and a? = 0.95, l0 = 1.56rgc. Lower panel: the
corresponding azimuthal velocities of the infall and the disc, measured by ZAMO.
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Figure 2.3: Trajectory of disc matter in the critical case l0 = 2.14rgc for a black
hole with a? = 0.6. The insert shows the radial and azimuthal velocities of the disc
measured by ZAMO. x and y are the coordinates in the equatorial plane defined by
x = r cosφ, y = r sinφ.
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Figure 2.4: Bottom panel: the range of angular momenta l?(a?) < l0 < lcr(a?) that
lead to the inviscid mini-disc regime (shaded region). Accretion with l0 < l? is quasi-
spherical all the way into the black hole; it does not form a caustic outside the horizon.
Accretion with l0 > lcr must proceed through a viscous, centrifugally supported disc.
Top panel: maximum radius of the mini-disc (l0 = lcr) as a function of the black-hole
spin parameter a? (solid curve). The radius of the black hole rh(a?) (eq. 2.36) is
shown by the dotted curve.
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Figure 2.5: Maximum mass fraction accreted through the inviscid mini-disc. This
maximum corresponds to l0 = lcr and depends on the black-hole spin a? (see the
text).
which depends on l0 and a; it is maximum when l0 = lcr. The maximum fraction is
shown in Figure 2.5.
2.4 Disc luminosity
The mini-disc is a radiative caustic that converts kinetic energy of the acretion flow
to radiation. Let L(r) be the total luminosity produced by the disc outside radius r.






where c2 is the initial orbital energy of the accretion flow at infinity and −cut(r) is
the orbital energy of the disc material at radius r. It is found using the solution for
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ui(r) from section 3. The radial distribution of luminosity is given by dL/dr, and the
total produced luminosity is L = L(rh). This luminosity would be received at infinity
if no radiation were captured by the black hole.
When the capture effect is taken into account, the luminosity escaping to infinity







where fesc(r) is the escaping fraction of radiation emitted at radius r; the fraction
1− fesc is absorbed by the black hole. Assuming that the emission is approximately














where β is the disc velocity (in units of c) measured by ZAMO (zero-angular-momentum
observer at fixed r), γ = (1 − β2)−1/2 and g˜tt = gtt − g2tφ/gφφ. The integral is taken
over the escape cone Sesc(r) — all photon directions Ω¯ (in the ZAMO frame) that
lead to escape. The calculation of these cones is described in Appendix B
The resulting Lesc(r) is found numerically. Figure 2.6 shows the radial distribution
dLesc/dr for mini-discs with three different l0 around a black hole with spin parameter
a? = 0.9. Most of the luminosity is produced in the region rg < r < 1.4rg where the
infall velocity relative to the disc is large and hence a large energy is released in the
disc-infall interaction.
We define the radiative efficiency of the disc as the ratio of the total luminosity





If the light capture into the black hole is ignored, i.e. Lesc is replaced by L, the
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Figure 2.6: Radial distribution of escaping luminosity for discs with l0/rgc = 0.8,
1.1, and 1.5 around a black hole with spin parameter a? = 0.9. The luminosity is
normalized by the rate of rest-mass accretion through the disc, M˙(rh)c
2.
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We evaluated numerically the dependence of η on the two parameters of the mini-disc
l0 and a? (Fig. 2.7). This dependence may be better understood if we express ut(rh)
in terms of ur(rh) and uφ(rh) from uiu


















If a? = 0 this equation simplifies to η = 1− |ur(rh)|/c and gives a monotonic depen-
dence of η on l0: flows with larger angular momenta have smaller |ur(rh)| (their radial
motion is centrifugally decelerated) and higher η. In the case of a rotating black hole,
equation (2.43) has additional terms which lead to a complicated dependence of η on
l0 and a?. For instance, when a? = 0.9 the dependence of η on l0 is not monotonic
(Fig. 2.7).
The efficiency η is generally increasing with increasing spin of the black hole. It is
especially high for retrograde discs, which are described by the solutions with a? < 0.
In this case, the second term on the right-hand side of equation (2.43) is positive and
can substantially increase η. A remarkable feature of retrograde discs is that they
can extract energy from the black hole via a hydrodynamic analog of Penrose process.
This occurs if a? is close to −1; in such discs ut(rh) < 0 and η > 1. The maximum
η = 1.1 is reached when a? = −1 and l0 = lcr(−1) = 3.15rgc. It has to be noted that
we have neglected the back-reaction of radiation on the dynamics of the flow, this
approximation breaks down when η ' 1.
Next, we evaluated numerically the efficiency ηesc that takes into account the
capture of the produced radiation into the black hole (Fig. 2.8). This effect greatly
reduces the observed luminosity. The reduction is especially significant for retrograde
discs because their radiation is Doppler-beamed in the direction opposite to the black
hole rotation, so most of their radiation misses the escape cones shown in Figure B.1.
The resulting efficiency ηesc is highest for prograde discs around maximally rotating
black holes (a? = 1). The maximum ηesc is close to 10 per cent.
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Figure 2.7: Radiative efficiency as a function of l0, ignoring the light capture into the
black hole. Seven curves are plotted for black holes with different spin parameters a?.
Solid curves are used for a? > 0 and broken curves for a? < 0.
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Figure 2.8: Same as Fig. 2.7 but taking into account the suppression of radiative
efficiency due to light capture into the black hole.
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2.5 Conclusions
In our model, the mini-disc is completely described by two parameters: the maximum
angular momentum of the accreting gas l0 and the spin parameter of the black hole
a?. l0 = 0 corresponds to spherical accretion. The inviscid mini-disc forms when l0 is
in the range l?(a?) < l0 < lcr(a?) shown in Fig. 2.4.
When the black hole rotates in the same direction as the accretion flow (a? > 0),
this range becomes smaller compared to the Schwarzschild case and the maximum
possible size of the mini-disc is reduced. For example, for the typical a? ∼ 0.9
expected in collapsars we find lcr ≈ 1.5rgc, which corresponds to a disc of radius
rd ≈ 6rg = 12GM/c2. The mini-disc model may describe collapsars at the early stage
when the disc grows from the black hole horizon rh to ∼ 12GM/c2; then it must
switch to the standard viscous regime.
We have calculated the radiative efficiency of mini-discs taking into account the
effect of photon (or neutrino) capture into the black hole (Fig. 2.8). The efficiency is
maximum when the mini-disc has its maximum size, near the transition to the viscous-
disc regime. For prograde discs around rapidly rotating black holes, the efficiency
approaches 0.1, which is ∼ 3 times higher than for non-rotating black holes.
We have also studied the case of retrograde discs, where the disc and the black
hole are counter-rotating (a? < 0). Such discs can form in wind-fed X-ray binaries
where gas accretes with alternating angular momentum due to fluctuations and ‘flip-
flop’ instability (e.g. [Shapiro and Lightman, 1976] ; [Blondin and Pope, 2009] and
refs. therein). We find that a hydrodynamic analog of Penrose process works in such
discs if a? is close to −1, i.e. the black hole is close to maximum rotation. Then the
black hole accretes matter with negative orbital energy, which means that energy is
extracted from the black hole. However, if the extracted energy is radiated quasi-
isotropically in the disc rest-frame, most of the produced radiation ends up inside the
black hole, and the escaping luminosity is suppressed.
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Hyper-accretion discs around black holes emit copious neutrinos and anti-neutrinos.
A fraction of the emitted neutrinos convert to electron-positron plasma above the disc
through the annihilation reaction νν¯ → e+e−. This process may drive relativistic jets
associated with GRB explosions. We calculate the efficiency of energy deposition
by neutrinos. Our calculation is fully relativistic and based on a geodesic-tracing
method. We find that the efficiency of neutrino heating is a well-defined function of
(i) accretion rate and (ii) spin of the black hole. It is practically independent of the
details of neutrino transport in the opaque zone of the disc. The results help identify
accretion discs whose neutrino emission can power GRBs.
3.1 Introduction
A plausible model for the central engines of gamma-ray bursts (GRBs) pictures a
transient, hyper-accreting disc formed around a rotating black hole (e.g. [Narayan
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et al., 2001], see [Beloborodov, 2008] for a review). The disc is a source of copious
neutrinos and anti-neutrinos, which partially annihilate above the disc and turn into
e± pairs, ν + ν¯ → e− + e+. This process was proposed as a possible mechanism
for creating relativistic, e±-dominated jets that could power observed GRBs [Eichler
et al., 1989]. However, its efficiency remained unsettled. Its accurate calculation
requires a detailed relativistic model for the neutrino source — the accretion disc —
as well as tracing the neutrino propagation in the Kerr spacetime of the black hole.
A detailed relativistic model for GRB discs was completed recently ([Chen and
Beloborodov, 2007], hereafter CB07). It describes the disc down to its inner edge and
gives accurate energy fluxes carried away by ν and ν¯ at all radii r. In the present work
we trace the neutrino trajectories and calculate the rate of νν¯ annihilation around
the disc. Neutrino annihilation was previously calculated in a number of works (e.g.
[Popham et al., 1999]; [Asano and Fukuyama, 2001]; [Birkl et al., 2007]). Our work
has three motivations: (i) A relativistic calculation of νν¯ annihilation has never been
done for a realistic accretion disc around a spinning black hole. Previous works
either used a toy model for neutrino source (e.g. [Birkl et al., 2007]) or replaced
neutrino trajectories by straight lines [Popham et al., 1999]. (ii) The efficiency of
νν¯ annihilation strongly depends on the accretion rate M˙ and the spin parameter a
of the black hole. It is desirable to know this dependence and identify the range of
M˙ and a where νν¯ annihilation can provide the observed energy of GRB explosions.
(iii) In addition to νν¯ annihilation, neutrinos can create e± pairs off magnetic field
[Kuznetsov and Mikheev, 1997]; [Gvozdev and Ognev, 2001]). The contribution of
this process to the energy deposition rate should be included.
The paper is organized as follows. Section 3.2 describes the setup and method of
our calculations. The results are presented in Section 3.3 and summarized in Section
4.
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3.2 Model description
Neutrinos emitted by the disc follow geodesics in Kerr spacetime. The efficiency  of
their annihilation can be calculated numerically by tracing the geodesics, evaluating
the local energy deposition rate [erg s−1 cm−3] everywhere around the black hole and
then integrating over volume outside the disc to obtain the net energy deposition rate
E˙νν¯ (energy at infinity per unit time at infinity).
The neutrino emission and annihilation is concentrated near the black hole, where
the accretion time-scale is short and M˙ may be assumed to be quasi-steady. Then
E˙νν¯ depends on four parameters that specify the steady disc model: accretion rate
M˙ , viscosity parameter α, mass of the black hole M , and spin of the black hole a.
3.2.1 Neutrino source: disc model
As the disc matter spirals into the black hole, it is viscously heated: the gravitational
energy is converted to heat. Part of the heat is lost to neutrino emission, and part is
stored in the disc and distributed between nuclear matter, radiation, and e± pairs, in
perfect thermodynamic and nuclear statistical equilibrium. The equilibrium micro-
physics is determined by only three parameters: temperature T , baryon mass density
ρ, and electron fraction Ye (equal to the charged nucleon fraction). Other parameters
— e.g. the electron chemical potential µe and density of e
± pairs n± — are derived
from T , ρ and Ye.
The neutrino emission peaks in the inner region of the disc. The far dominant
emission mechanism is the e−/e+ capture onto protons/neutrons,
e− + p→ n+ νe, e+ + n→ p+ ν¯e. (3.1)
The neutrino-cooled discs are nearly in β-equilibrium: the rates of the two reactions in
equation (3.1) are practically equal, which determines the value of Ye(ρ, T ) ([Imshen-
nik et al., 1967]; [Beloborodov, 2003]). In principle, all three flavors of neutrinos
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could be emitted from the disc, but only electron neutrinos need to be considered;
the emission rates for muon and tau neutrinos are negligible (CB07).
A detailed model for neutrino-cooled relativistic discs was developed in CB07,
and we use their model in our calculations. The approximate hydrodynamic disc
equations are solved with the vertically-integrated α prescription. The equations
include radial transport of heat and lepton number. Local microphysics is treated
exactly: nuclear composition, electron degeneracy, neutrino emissivity and opacity
etc., using the equilibrium distribution functions for all species except neutrinos.
Neutrinos are modeled separately in the opaque and transparent zones of the disc,
matching at the transition between the two zones.
The disc model provides the vertically averaged T , ρ, Ye, µe (which are approxi-
mately equal to their values in the midplane θ = pi/2) and the half-thickness of the
disc H. The ν and ν¯ spectra emitted from the neutrino-transparent (optically thin)
zone of the disc are given by







(E + q)2 − 1
e(E+q−µe)/Θ + 1
(3.2)
for neutrinos (E > 0), and





(E − q)√(E − q)2 − 1
e(E−q+µe)/Θ + 1
(3.3)
for anti-neutrinos (E > q+ 1). Here h = 2pi~, λ = h/mec, q = (mn−mp)/me = 2.53,
K = 6.5× 10−4s−1, Θ = kT/mec2, µe is electron chemical potential in units of mec2
and E is neutrino/anti-neutrino energy in units of mec
2.
The spectra emerging from the opaque zone are controlled by neutrino transport
through the disc, which cannot be reliably calculated — it depends on the unknown
vertical distribution of viscous heating. Fortunately, the νν¯ annihilation rate depends
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only on the energy fluxes Fν and Fν¯ from the disc surface, which are insensitive to
the neutrino-transport details. This fact has a simple analytical explanation [Be-
loborodov, 2008]. It follows from the proportionality σνν¯ ∝ EνEν¯ , where σνν¯ is the
cross-section for annihilation for neutrino and anti-neutrinos with energies Eν and
Eν¯ .
To demonstrate that the rate of νν¯ annihilation depends on Fν and Fν¯ but not on
the exact shapes of ν and ν¯ spectra, we consider below two extreme models A and B,
and they give practically the same annihilation rates:
Model A: Neutrinos and anti-neutrinos are emitted with the same spectra as
found inside the disc. The spectra are normalized so that the emerging emission
carries away the known energy fluxes Fν and Fν¯ . In the opaque region, the spectra of
ν and ν¯ are described by Fermi-Dirac distributions. The temperature and chemical
potential for ν and ν¯ inside the disc are obtained from the numerical models of CB07.
Model B: Neutrinos and anti-neutrinos are emitted with a thermal spectrum with
zero chemical potential and temperature T = Teff , where Teff is the effective surface
temperature defined by (7/8)σT 4eff = Fν + Fν¯ (σ is the Stefan-Boltzmann constant
and the coefficient 7/8 takes into account the difference between statistics of photons
and ν, ν¯).
When the disc is efficiently cooled (neutrino energy flux almost balances viscous
heating), Teff is given by the standard thin-disc model of [Page and Thorne, 1974]:
Teff ≈ T steff . This regime occurs in a broad range of accretion rates M˙ign < M˙ < M˙trap
(CB07). If M˙ < M˙ign, the disc temperature is not high enough to ignite the neutrino
emitting reactions. If M˙ > M˙trap, the emitted neutrinos become trapped in the disc
and advected into the black hole. Our third (simplest) model for the neutrino source
is defined as follows.
Model C: Neutrinos and anti-neutrinos are emitted with a thermal spectrum
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that has zero chemical potential and the following temperature,





0 M˙ < M˙ign
(M˙/M˙ign)
1/4 M˙ign < M˙ < M˙trap
(M˙trap/M˙ign)
1/4 M˙ > M˙trap
(3.4)
This model does not even require the calculation of the disc structure as T steff is a known
analytical function of r (Page & Thorne 1974). As we show below, this simplest model
gives remarkably accurate result for E˙νν¯ .
The characteristic accretion rates M˙ign and M˙trap depend on the viscosity parame-
ter α. They were calculated in CB07, and the numerical results are well approximated










The coefficients Kign and Ktrap are functions of the black-hole spin a. For a = 0,
Kign = 0.071Ms−1 and Ktrap = 9.3Ms−1. For a = 0.95, Kign = 0.021Ms−1 and
Ktrap = 1.8Ms−1.
In all three models A, B and C the neutrino emission is assumed to be isotropic
in the local rest frame of the disc (which is in Keplerian rotation around the black
hole).
3.2.2 Neutrino transport
To evaluate the νν¯ annihilation rate at a given point we need to know the local ν and ν¯
distribution functions. They can be obtained using the known neutrino distribution
functions at the surface of the disc. To a first approximation, neutrinos obey the
collisionless Boltzmann equation, because most of them do not participate in any
interactions (and eventually escape to infinity or get captured into the black hole).
The Boltzmann equation in curved spacetime has the same form as in flat spacetime.
CHAPTER 3. NEUTRINO HEATING NEAR HYPER-ACCRETING BLACK
HOLES 53
It states that the phase-space density (or occupation number) of neutrinos remains




Here xµ(λ) is a parameterized worldline for a ν or ν¯. The neutrinos emitted by the
disc have huge energies compared to their rest mass and we treat them as massless
particles propagating along null geodesics in Kerr spacetime. We use Boyer-Lindquist
coordinates xα = (t, φ, r, θ), where the Kerr metric has the form,
ds2 = gttdt




The metric tensor gαβ is specified by two parameters: rg = 2GM/c
2 and the spin
parameter |a| < 1; it is given in e.g. [Chandrasekhar, 1992].
Equation (3.6) is covariant and its solution takes into account Doppler and gravi-
tational redshifts. The null geodesics in Boyer-Lindquist coordinates are described by
the known ordinary differential equations of first order (e.g. [Chandrasekhar, 1992])
which we solve numerically.
Figure 3.1 shows the image of the accretion disc observed from three locations
near the black hole. Colour represents the redshift (or blueshift) of neutrinos as
they propagate from the emission point on the disc to the observation point. The
asymmetry of the images is caused by the rotation of the black hole.
3.2.3 Local rates of e± creation
3.2.3.1 Reaction νν¯ → e+e−
The rate of νν¯ annihilation at a given point depends only on the local momentum
distribution of ν and ν¯. We use the phase-space occupation number to describe this
distribution; it is denoted by f for neutrinos and by f ′ for anti-neutrinos. The local







A(p, p′) (pα + p′α) f(p)f ′(p′), (3.8)
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Figure 3.1: Projection of the sky for three different observers receiving neutrinos
from a disc of radius 140rh. The colour codes the ratio of the energy at reception to
the energy at emission for neutrinos, as measured in the local ZAMO frames (Section
2.4). All three observers are located at 3.1 horizon radii rh around a black hole of
spin a = 0.95. Their θ positions are approximately 0, pi/4 and pi/2. The observer
sky is parameterized with two angles α ∈ (0, pi) and β ∈ (0, 2pi) in the ZAMO frame.
The axis α = 0 points into the black hole and α = pi points away from the black hole.

















(1− cos θ)2 + C2(1− cos θ)
]
, (3.9)
where p and p′ are the four-momenta of neutrino and anti-neutrino, θ is the angle
between the spatial (3D) components of p and p′, σ0 = 4m2eG
2
F/pi~4 ≈ 1.71×10−44cm2,
GF is Fermi constant, C1 = 0.78 and C2 = 1.06. We neglect the mass of ν and ν¯, i.e.
assume pαpα = 0 and p
′αp′α = 0.
3.2.3.2 Reaction ν → νe+e− in a strong magnetic field
Neutrinos propagating in a strong magnetic field B can create electron-positron
plasma through the process ν → νe+e− ([Kuznetsov and Mikheev, 1997]; [Gvozdev
and Ognev, 2001]). A neutrino with four-momentum pα and energy E deposits energy-

















where ψ is the angle between the magnetic field and the neutrino momentum, cv ≈
0.96 and ca = 1/2. The local energy-momentum deposition rate via reactions ν →





[f(p) + f ′(p)] qα(p). (3.11)
3.2.4 Integration of the energy deposition rate over volume
The local energy-momentum deposition rates (eqs. 3.8 and 3.11) can be calculated in
any frame of reference. We chose the frame of Zero Angular Momentum Observer,
ZAMO. These observers do not move in r or θ directions. Their φ motion corresponds
to zero angular momentum (pφ = 0). We use ZAMO frames because they are well
defined everywhere outside the black-hole horizon (no observers can be static in Boyer-
Lindquist coordinates inside the ergosphere). The local orthonormal coordinates of
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ZAMO, dx˜α, are related to dxα = (dt, dφ, dr, dθ) by

















detA = √−g and the element of four-dimensional volume measured by ZAMO dV˜ is
related to the Boyer-Lindquist coordinate volume dV = dt dφ dr dθ by
dV˜ =
√−g dt dφ dr dθ. (3.13)
Let dP˜α = QαdV˜ be four-momentum deposited in dV˜ as measured by ZAMO. The
deposited energy measured by a distant observer is dE = −c dPt. It can be expressed
in terms of dP˜α,
dE
c













)√−g dt dφ dr dθ. (3.15)
The net energy deposition rate outside the horizon dE/dt (measured by a distant









) √−g dφ dr dθ, (3.16)
where rh is the horizon radius.
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3.2.5 Numerical Method
We compute the local rates of four-momentum deposition Qα on a spatial grid. The
problem is axially symmetric and the grid is set on the (r, θ) plane. It covers the
region rh < r < rmax and 0 < θ < pi/2 (we use the symmetry about the equatorial
plane θ = pi/2). The radius rmax is chosen between 26rh and 38rh, depending on
the black hole spin. The grid has 25 × 20 points. Its spacing is logarithmic in the
r-direction and uniform in the θ-direction.
We calculate Qα according to equations (3.8) and (3.11). The distributions f(p)
and f ′(p′) are Lorentz-invariant (scalar) functions of four-momentum. They remain
constant along the neutrino trajectories (eq. 3.6). Therefore, to calculate f(p) mea-
sured by ZAMO at a given point, it is sufficient to trace the neutrino with momentum
p back to its emission point, find its four-momentum there in the rest-frame of the





are provided by the disc models described in § 2.1.
For every point of the grid we trace back the neutrino trajectories for 5000 direc-
tions uniformly distributed on the local ZAMO sky. Each direction is followed until
the geodesic reaches the disc, goes into the black-hole horizon or reaches a maximum
radius that we set equal to 140rh. For trajectories coming from outside 140rh or
connecting to the horizon we set f = f ′ = 0. For trajectories connecting our grid
point to the disc, we find f and f ′ as described above.
The accuracy of our calculation of Qα can be estimated by doubling the number
of sampled geodesics; it is a few per cent. The accuracy of the volume-integrated
quantity E˙ is controlled mainly by the number of grid points. We checked it by
repeating the same calculation with a coarser grid; the estimated error in E˙ is smaller
than 10 per cent (Table 1).
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Code accuracy
Half spatial resolution Twice geodesics
a=0 |∆E˙/E˙| = 0.03 |∆E˙/E˙| = 5× 10−3
a=0.95 |∆E˙/E˙| = 0.07 |∆E˙/E˙| = 0.02
Table 3.1: Fractional change of the energy deposition rate when the grid resolution
is reduced from 500 to 240 points (left column), and when the number of geodesics
is increased from 5× 103 to 104 (right column).
3.2.6 Comparison with previous works
We compared our calculations with three previous works: [Birkl et al., 2007], [Asano
and Fukuyama, 2001] and [Popham et al., 1999].
[Birkl et al., 2007] calculated Qανν¯ and the corresponding volume-integrated en-
ergy deposition rate E˙νν¯ outside the ergosphere for several toy models of the neutrino
source. They traced exactly the neutrino trajectories in the Kerr metric. Unfortu-
nately, they incorrectly computed E˙νν¯ by integrating dP
t instead of −dPt. For test
purposes we did a similar integration. We computed their models D and REF, which
assume that neutrinos are emitted by an isothermal blackbody ring (see Table 1 in
[Birkl et al., 2007]). The results agreed within the numerical errors of their and our
calculations.
[Asano and Fukuyama, 2001] calculated E˙νν¯ on the rotational axis in Kerr metric
as a function of r. The neutrino source was modeled as a blackbody disc with the
temperature having a power-law dependence on radius. For test purposes, we repeated
the calculation for their isothermal disc model and obtained E˙νν¯(r) on the axis. The
functional shape of E˙νν¯(r) agrees with the shape of function G(r) in [Asano and
Fukuyama, 2001] (see their eq. 18).
[Popham et al., 1999] made more realistic assumptions about the neutrino source,
similar to our Model C (Section 2.1). They evaluated numerically E˙νν¯ for several
values of accretion rate M˙ and black-hole spin a (see their Table 3). The neutrino
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geodesics in Kerr metric were replaced by straight lines. When comparing their
results with ours (which are presented in the next section) we found a significant
disagreement, exceeding factor of 10. Generally, we find that E˙νν¯ of Popham et al.
(1999) was overestimated. The dependence of E˙νν¯ on a that is suggested by Table 3 in
[Popham et al., 1999] is incorrect, apparently steeper than what we find numerically
and estimate analytically (see next section).
3.3 Results
The two processes of e± creation considered in this paper (Section 2.3) give the
total energy deposition rate E˙ = E˙νν¯ + E˙νB. We first focus on E˙νν¯ and discuss the
contribution E˙νB separately in Section 3.2.
3.3.1 Energy deposition from νν¯ → e+e−
Figures 3.2 and 3.3 show Qtνν¯ for an accretion disc with M˙ = 1M s
−1 around a black
hole of mass M = 3M. In Figure 3.2 the black hole is assumed to be rapidly rotating
(a = 0.95), and in Figure 3.3 it is non-rotating (a = 0). In the case of a = 0.95, the
deposition rate Qtνν¯ peaks closer to the black hole and reaches much higher values,
because the disc extends to smaller radii and emits a higher neutrino flux.
Volume integration of Qtνν¯ and Q
φ
νν¯ , as described by equation (3.16), gives the net
energy deposition rate due to νν¯ annihilation outside the black-hole horizon, E˙νν¯ .
Figure 3.4 shows E˙νν¯ as a function of the disc accretion rate M˙ for the two cases,
a = 0 and a = 0.95. For all M˙ , E˙νν¯ is much higher when the black hole is rapidly
rotating.
The results are sensitive to M˙ and a, but remarkably insensitive to the details of
the disc model.
(i) The uncertainty in the vertical structure of the accretion disc leads to a small
uncertainty in E˙νν¯ as illustrated by two extreme models described in Section 2.1:
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Figure 3.2: Color-coded and contour plot for log10Q
t
νν¯ around an accretion disc with
M˙ = 1M/s. The black hole has mass M = 3M and spin parameter a = 0.95.
The horizon sphere (black) has the radius rh ≈ 1.3GM/c2, and the inner edge of
the disc (the marginally stable orbit) is at rms ≈ rg = 2GM/c2. Arrows show the
projection of Qiνν¯/Q
t
νν¯ on the plane of the figure. The white curve is where the radial
component of injected momentum Qrνν¯ changes sign. It roughly indicates the region
where the deposited energy may be lost into the black hole rather than escape in an
outflow. Disc Model A with viscosity parameter α = 0.1 (Section 2.1) was used in the
calculation. Practically the same Qtνν¯ is found for Models B and C, and for different
α (e.g. α = 0.01).
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Figure 3.3: Same as Fig. 3.2 but for a non-rotating black hole, a = 0.
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Model A and Model B. The results of both models are well approximated by simple
Model C (eq. 3.4). Deviations of Model C from Model A arise mainly where Model C
does not accurately predict the neutrino flux from the disc, i.e. where the disc is not
strongly cooled by neutrino emission.
(ii) The uncertainty in viscosity parameter α ∼ 0.1 has almost no effect on E˙νν¯
as long as M˙ign < M˙ < M˙trap. In particular, Model C in this range of M˙ is explicitly
independent of α. The two characteristic accretion rates M˙ign and M˙trap depend on
viscosity parameter α (see eq. 3.5); in Figure 3.4 we assumed α = 0.1.
The dependence of E˙νν¯ on the black hole spin, for a fixed M˙ = 1M/s, is shown
in Figure 3.6. Instead of using the spin parameter a directly, it is more instructive
to plot E˙νν¯ versus radius of the last (marginally stable) orbit rms. Then one can see
the power-law dependence of E˙νν¯ on rms: E˙νν¯ ∝ r−4.8ms . This power-law is accurate for
rms > rg which corresponds to a < 0.9. For rms < rg, E˙νν¯ has a somewhat stronger
dependence on rms. The standard relation between rms and a (e.g. Page & Thorne
1974) is shown in Figure 3.5. For non-rotating black holes rms = 6GM/c
2 and for
maximally rotating black holes rms = GM/c
2.
3.3.2 Energy deposition from ν → νe+e− in a strong magnetic
field
The four-momentum deposition due to reaction ν → νe+e− is given by equation (3.11).





where Pmax is the maximum pressure in the disc; we find this pressure using the
numerical disc model of CB07. For illustration, consider a toy model where the
magnetic field is perpendicular to the disc, uniform in the region r < 25rh and zero
outside this region. The model overestimates a realistic magnetic field around an
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Figure 3.4: E˙νν¯ as a function of M˙ for a non-rotating black hole (a = 0) and for
a rotating black hole (a = 0.95) of mass M = 3M. Open symbols show Model A
and filled symbols show Model B (Section 2.1). The results of both models are well
approximated by simple Model C, which is shown in the figure by lines; the line is
dotted at low M˙ where the disc is transparent to neutrinos.
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Figure 3.5: Radius of the marginally stable orbit, rms, as a function of the black-hole
spin parameter a.
















             , MODEL C
             , MODEL A
             , MODEL A
Figure 3.6: E˙νν¯ and E˙νB as functions of rms for fixed accretion rate, M˙ = 1M/s.
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accretion disc. We will show that even such a strong field gives a modest E˙νB. The
maximum pressure Pmax and B = (8piPmax)
1/2 depend on M˙ and a. The magnetic
field ranges in our models from ∼ 6× 1013 G to ∼ 8× 1015 G, increasing with M˙ and
a.
Figure 3.6 shows E˙νB as a function of rms for fixed M˙ = 1M/s. It approximately
follows the same scaling relation as we found for E˙νν¯(rms), E˙νB ∝ r−4.8ms .
Figure 3.7 shows the ratio E˙νB/E˙νν¯ as a function of M˙ . This ratio is small for
accretion rates above M˙ign and varies slowly with M˙ or a. Thus, we find that E˙νB
makes a small contribution to the total E˙. This conclusion is valid for the most
interesting range of accretion rates M˙ > M˙ign. For M˙ < M˙ign, the neutrino flux
quickly decreases, which strongly suppresses the νν¯ annihilation above the disc. The
reduction in reaction ν → νe+e− is less severe and E˙νB exceeds E˙νν¯ . As a result, E˙νB
dominates the energy deposition rate E˙ when M˙ is below M˙ign.
The dependence of the energy deposition rate on M˙ is summarized in Figure 3.8,
a modified version of Figure 3.4. It approximately represents the total E˙ by showing
E˙νν¯ at M˙ > M˙ign and E˙νB at M˙ < M˙ign.
3.3.3 Scaling of E˙νν¯ and E˙νB with M˙ , M and rms
The E˙νν¯ dependence on M˙ , M and a may be estimated using simple analytical ar-
guments [Beloborodov, 2008]. The total rate of νν¯ annihilation around the disc N˙νν¯
[s−1] is proportional to the volume of the main annihilation region r3, which scales as
r3ms, and to the typical local annihilation rate in this region, n˙νν¯ ∼ σcnνnν¯ . Here nν
and nν¯ are the number densities of neutrinos and anti-neutrinos and σ is the annihi-
lation cross-section. The cross-section scales with the energies of the annihilating ν
and ν¯ approximately as σ ∝ EνEν¯ , which leads to
n˙νν¯ ∝ FνFν¯ . (3.18)
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Figure 3.7: Ratio E˙νB/E˙νν¯ as a function of M˙ for a = 0 and a = 0.95. The accretion
disc is assumed to have viscosity parameter α = 0.1.
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           , a=0.95
           , a=0
           , a=0
Figure 3.8: Same as Fig. 3.4 but now including the contribution of reaction ν →
νe+e−. This contribution E˙νB is shown only at M˙ < M˙ign, where it is important;
E˙νB is small compared with E˙νν¯ at M˙ > M˙ign (cf. Fig. 3.7).
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The energy fluxes Fν and Fν¯ from an efficiently cooled disc (M˙ign < M˙ < M˙trap) carry
the released gravitational energy and do not depend on details of the disc structure.
The fluxes scale with M , M˙ , and r as Fν ∼ Fν¯ ∝MM˙/r3. This gives




Here we assumed that the size of the main annihilation region r is proportional to
rms = xmsrg, where xms is determined by the black-hole spin parameter a (see Fig. 3.5).
The net heating rate E˙νν¯ may be estimated as E˙νν¯ ∼ (Eν + Eν¯)N˙νν¯ , where Eν¯ ∼
Eν ∝ F 1/4ν is roughly estimated using Model C (Section 2.1). This gives
E˙νν¯ ∝ r3msF 9/4ν ∝ x−15/4ms M˙9/4M−3/2. (3.20)
Our numerical results confirm the scaling E˙νν¯ ∝ M˙9/4 and give a somewhat steeper
dependence on xms, E˙νν¯ ∝ x−4.8ms (Section 3.1). The relation xms(a) can be substituted
here to get the dependence E˙νν¯(M˙,M, a).
It is instructive to compare E˙νB with E˙νν¯ . From equations (3.8) and (3.11) one
















where αf = e
2/~c = 1/137, BQ = m2ec3/e~ ≈ 4.4× 1013 G, E is the average energy of
neutrinos in units of mec
2, Uν ∼ Fν/c is the neutrino energy density and UB = B2/8pi.
One may expect that UB is proportional to the pressure in the disc P , which depends
on viscosity parameter α. Our numerical calculations gave E˙νB/E˙νν¯
<∼ 0.1 for discs
with α = 0.1 and M˙ > M˙ign (Fig. 3.7). Since P ∝ α−1, models with smaller α would
give a higher E˙νB ∝ α−1. However, for discs with M˙ > M˙ign, it will not dominate
over E˙νν¯ in the plausible range of α > 0.01.
For small accretion rates M˙ < M˙ign, Fν is strongly suppressed and E˙νν¯ is sup-
pressed as F
9/4
ν . Since E˙νB ∝ Fν its suppression is less severe. As a result E˙νB
dominates over E˙νν¯ when M˙ < M˙ign as we found numerically in Section 3.2.
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3.4 Conclusions
We have performed detailed numerical calculations of e± creation around hyper-
accreting spinning black holes. We studied two reactions: νν¯ → e+e− and ν → νe+e−
(in a strong magnetic field). The reaction of νν¯ annihilation dominates the energy
deposition rate around discs with M˙ > M˙ign, which are strong emitters of ν and
ν¯. We found that the net energy deposition rate due to this process, E˙νν¯ , is well
approximated by a simple formula (see Fig. 3.4),







0 M˙ < M˙ign
m˙9/4 M˙ign < M˙ < M˙trap
m˙
9/4
trap M˙ > M˙trap
 erg s
−1, (3.22)
where m˙ = M˙/M s−1, xms = rms(a)/rg, rg = 2GM/c2, and M˙trap, M˙ign are given in
equation (3.5). The dependence of E˙νν¯ on the black hole spin is huge: x
−4.8
ms varies
by a factor of 200 for 0 < a < 0.95. Note that α (viscosity parameter of the disc)
enters the result only through M˙ign and M˙trap. Our numerical simulations in this
paper are limited to black holes with mass M = 3M, and the E˙νν¯ dependence on
M is evaluated analytically.
The efficiency of νν¯ annihilation can be defined as  = E˙νν¯/L where L is the
total neutrino luminosity of the disc. For example, a = 0.95 (which corresponds to
xms = 0.97) gives L ≈ 0.15M˙c2 (CB07) and  ≈ 0.05m˙5/4 for M˙ign < M˙ < M˙trap.
Note that E˙νν¯ is defined in this paper as the total energy deposition rate outside the
event horizon. A fraction of the created e± plasma falls into the black hole and does
not contribute to the observed explosion (Fig. 3.2). The corresponding refinement of
 depends on the plasma dynamics outside the disc, which is affected by magnetic
fields and hard to calculate without additional assumptions.
The obtained E˙νν¯ may be comparable to GRB luminosities Lobs. A plausible
typical value for Lobs is ∼ 1051 erg/s (it depends on the beaming angle of the observed
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explosion, which is usually hard to estimate from available data). This power is
easily supplied by neutrino heating if the black hole has a large spin, e.g. a = 0.95,
for a moderate accretion rate M˙ >∼ 0.3M s−1. For a non-rotating black hole, this
mechanism of GRB explosion requires ∼ 10 times higher accretion rates.
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Chapter 4
White dwarfs stripped by massive
black holes
Ivan Zalamea, Kristen Menou, Andrei M. Beloborodov
[Published in MNRAS, 409:L25–L29, November 2010]
White dwarfs inspiraling into black holes of massMBH
>∼ 105M are detectable sources
of gravitational waves in the LISA band. In many of these events, the white dwarf
begins to lose mass during the main observational phase of the inspiral. The mass loss
starts gently and can last for thousands of orbits. The white dwarf matter overflows
the Roche lobe through the L1 point at each pericenter passage and the mass loss
repeats periodically. The process occurs very close to the black hole and the released
gas can accrete, creating a bright source of radiation with luminosity close to the
Eddington limit, L ∼ 1043 erg s−1. This class of inspirals offers a promising scenario
for dual detections of gravitational waves and electromagnetic radiation.
4.1 Introduction
One of the goals of the Laser Interferometer Space Antenna (LISA) mission is to
detect gravitational waves from compact stellar objects spiraling into massive black
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holes, a class of events called extreme-mass-ratio inspirals (EMRIs) (e.g., [Hils and
Bender, 1995]; [?]; [Barack and Cutler, 2004]; see [Hughes, 2009] and [Sathyaprakash
and Schutz, 2009] for recent reviews). Of particular interest are sources of coincident
gravitational and electromagnetic radiation. Besides providing unique information
on the nature of the event, such dual detections will lead to a new version of Hubble
diagram that is based on the gravitational distance measurements (e.g. [Bloom et al.,
2009]; [Phinney, 2009]).
Inspirals into black holes of masses MBH ∼ (105 − 106)M produce gravitational
waves in the frequency band where LISA is most sensitive. Normal stars are tidally
disrupted well before they approach such black holes, and therefore discounted as
possible LISA sources (however, see [Freitag, 2003]). Inspirals of compact objects are
guaranteed sources of gravitational waves, however most of them are not promising
for dual detections. In particular, stellar-mass black hole or neutron star inspirals
are not expected to generate bright electromagnetic signals. Only inspiraling white
dwarfs (WDs) offer a possibility for dual detection ([Menou et al., 2008]; [Sesana et
al., 2008]). WDs can be tidally disrupted very close to the black hole and then could
create a transient accretion disc with Eddington luminosity.
Estimated EMRI rates are high enough for observations with LISA (e.g. [Phinney,
2009]). The expected fraction of WD inpirals among all EMRIs depends on the degree
of mass segregation in galactic nuclei, which favors stellar-mass black holes over white
dwarfs in the central cluster. The abundance of white dwarfs also depends on the
details of stellar evolution, which are not completely understood. A fraction of WD
inpirals as large as ∼ 10% has been suggested (e.g. [Hopman and Alexander, 2006b]).
The orbital parameters of WD inspirals are also uncertain. EMRIs form when a
compact object is captured onto a tight orbit whose evolution is controlled by grav-
itational radiation rather than random interactions with other stars in the central
cluster around the massive black hole. Two main channels exist for EMRI formation:
capture of single stars and capture of binary systems (e.g., [Hils and Bender, 1995]
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; [Sigurdsson and Rees, 1997]; [Ivanov, 2002]; [Hopman and Alexander, 2005], [Hop-
man and Alexander, 2006b], [Hopman and Alexander, 2006a]; [Miller et al., 2005];
[Hopman, 2009]). In the single-capture scenario, the shrinking orbit can retain a sig-
nificant eccentricity until the end of inspiral. In contrast, the binary-capture scenario
leads to nearly circular orbits [Miller et al., 2005].
In this paper, we focus on WD inspirals that are not completed because the star
is tidally disrupted before its orbit becomes unstable. We argue that the WD begins
to lose mass very gently and, for thousands of orbital periods, this process resembles
accretion through the L1 point in a binary system rather than a catastrophic dis-
ruption. This offers a possibility of simultaneous observation of the inspiral by LISA
and traditional, optical and X-ray telescopes. Previous work on tidal deformation
of a WD orbiting a massive black hole focused on two extreme regimes: (i) weak
deformation was studied analytically using perturbation theory (e.g., [Rathore et al.,
2005]; [Ivanov and Papaloizou, 2007]), and (ii) strong deformation leading to imme-
diate disruption was simulated numerically (e.g. [Kobayashi et al., 2004]; [Rosswog
et al., 2009]). The regime considered in the present paper is different from both cases
explored previously. It involves an extended phase of strong deformation with small
mass loss, which we call ‘tidal stripping’ below. The mass of the WD remains almost
unchanged during this phase and continues to emit gravitational waves. Even a small
orbital eccentricity, e.g. e = 0.01, implies that tidal stripping occurs only near the
pericenter of the orbit, during a small fraction of each orbital period. Thus, the mass
loss is expected to be periodic, possibly leading to a periodic electromagnetic signal
from the inspiral.
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4.2 Tidal stripping
4.2.1 Onset of mass loss
Consider a WD orbit with semi-major axis a and eccentricity e. The orbital pa-



























where dot denotes the time derivative of the secular evolution (averaged over the
orbit). Both a and e slowly decrease with time. The fractional change of the pericenter





















For the typical parameters of the problem considered in this paper, α ∼ 10−5. Two
inaccuracies in the above formulas should be noted: (i) Equations (4.1)-(4.3) are valid
only if rp  GMBH/c2. They become approximate during the most interesting phase
of the inspiral when rp is only a few rg = 2GMBH/c
2. (ii) The equations neglect the
effects of mass loss on the evolution of the orbit.1
The mass loss begins when the tidal acceleration created by the black hole at the
WD surface, (GMBH/r
3
p)R, becomes comparable to GM/R
2, where R is the radius
of the WD. A similar condition for the onset of mass transfer in synchronous binary
systems is that the donor star fills its Roche lobe. In the more complicated case of
eccentric non-synchronous binary systems, mass transfer may be approximately de-
scribed using an instantaneous effective Roche lobe [Sepinsky et al., 2007], neglecting
1 Let δM be the mass lost in one orbit. The maximum correction to α is ∼ δM/M , and it is
significant only when δM exceeds αM . Section 2.3 suggests that the value of α is unimportant at
this stage, as the evolution becomes controlled by the mass loss itself, not the drift of the pericenter.
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all the effects beyond the quasi-static limit (e.g. [Ritter, 1988]). We will use the
following approximate condition for the mass-loss onset,






where R is the radius of the unperturbed star, before it experiences any tidal deforma-
tion, and γ is a numerical constant. The exact value of γ depends on the mass ratio
M/MBH and the orbital parameters a and e. Even more importantly, it also depends
on the rotation of the WD and the history of its tidal heating, none of which is known.
If Rt is interpreted as the effective Roche-lobe studied by [Sepinsky et al., 2007], their
results give 0.39 6 γ 6 0.59, with γ = 0.49 for synchronous binary systems. Our
conclusions are independent of the exact value for γ. In numerical examples where it
needs to be specified, we assume γ ≈ 0.5.
The orbit slowly shrinks due to gravitational radiation and condition (4.4) will
be first met when the pericenter radius rp reaches the value r0 estimated below. We
adopt a simple model for the unperturbed WD star: a non-rotating cold sphere of
uniform chemical composition, supported by the pressure of degenerate electrons. It
is straightforward to obtain numerically the mass-radius relation for such a star. We
find that it is well approximated by the following formula (with less than 2 per cent










where MCh = 1.43M is the Chandrasekhar mass, β = 0.447 and R? = 0.013R.













Figure 4.1 shows r0/rg as a function of WD mass for different MBH.
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Figure 4.1: Radius r0 where tidal stripping begins, in units of the Schwarzschild
radius rg ≡ 2GMBH/c2 ≈ 3 × 1010(MBH/105M) cm, is shown as a function of the
WD mass. The three curves correspond to MBH/10
5M = 0.5, 1 and 5. The value
of r0 was estimated using the simplified equation (4.6), which is non-relativistic and
neglects the effect of the black-hole spin as on the tidal force. The shaded region
shows radii r < rmin where no stable bound orbits exist. rmin depends on as and
orbital eccentricity e, in particular rmin = 3rg for {as = 0, e = 0}, rmin = 2rg for
{as = 0, e = 1} and rmin = rg/2 for {as = 1, e = 1}.
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4.2.2 Estimate for mass loss in one orbital period
As the star begins to lose mass, it continues to do so repeatedly: at each pericenter
passage the star overflows the Roche lobe for a short time. The hydrodynamics of the
surface layers of the tidally stripped star is complicated. It is clear however that the
mass lost in one pericenter passage, δM , will be tiny for the initial mass loss episodes
when the star surface barely touches the Roche lobe. The natural small parameter in
the problem is ∆/R = (R − Rt)/R. The onset of mass loss is defined by ∆ = 0 and
we assume that the dependence of δM on ∆/R 1 can be expanded in series whose








, ∆ ≡ R−Rt  R, (4.7)
where A is a numerical factor.
For illustration, consider a toy model. Suppose that after the pericenter passage
the star loses the surface shell ∆  R whose mass is estimated using the structure





Here z is the depth measured inward from the surface, and ρ(z) is the mass density of
the unperturbed star at depth z. For simplicity, let us assume the polytropic equation
of state in the surface layer P = Kργ with γ = 5/3, the same as in the deeper
region where electrons become degenerate. P and ρ change continuously between the
degenerate and non-degenerate regions, and therefore K in the surface layers must










where µe ≈ 2 is the mean molecular weight per electron. The hydrostatic balance
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In this toy model, δM = (6/5)[ρ(∆)/ρ¯](∆/R) where ρ¯ = 3M/4piR3. The small factor
(∆/R)ψ  1 in δM results from the small thickness of the surface layer ∆ and the
small density of this layer, ρ(∆)/ρ¯ ∼ (∆/R)3/2.
Additional factors may enter a more realistic model. The duration of the mass-
loss episode δt may be so short that only a fraction of the ∆-layer is lost. δt likely
scales with some power of ∆/R. One could formulate a time-dependent model for the
mass-loss episode by evaluating Rt along the orbit around the pericenter (instead of
just one point rp). If one assumes that the mass-loss episode occurs where Rt < R,
then δt ∼ (∆/R)1/2τ where τ is the sound-crossing time of the star. A complete
hydrodynamical model is three-dimensional as the mass loss is asymmetric: gas will
flow through the L1 point, as happens in close binary systems. The flow velocity may
be comparable to the sound speed in the outer layers of the star (which is smaller
than the sound speed in its interior). Perhaps future hydrodynamical calculations
will give the duration of the mass loss episode and the resulting ψ, A and δM . We do
not know the exact values of ψ and A and keep them as parameters. The illustrative
numerical example shown below assumes ψ and A given in equation (4.11).















For the first mass loss episode, M = M0 and rp/r0 ∼ 1 − α, which implies ∆/R ∼
α ∼ 10−5. Equation (4.12) shows that ∆ grows with each passage of the pericenter
as rp decreases (due to gravitational radiation) and M decreases (due to mass loss).
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4.2.3 Evolution of mass loss over many orbits
N orbits after the star reached r0, the pericenter radius is given by
rp
r0
≈ 1− αN, αN  1, (4.13)
where α is given by equation (4.3). Here we assumed that rp decreases by αrp in
each orbit, neglecting the effect of mass loss on the orbit (which is likely to be a poor
approximation at late stages of mass loss, e.g. Bildsten & Cutler 1992).















MCh −M0 . (4.15)
The term αN describes the change in Rt/R0 due to the decreasing rp while the small
changes in M and R are neglected. The term Bx describes the effect of decreasing
M on Rt and R while the small drift of the pericenter is neglected.
It is convenient to treat N  1 as a continuous variable and describe the mass loss
by the differential equation dM/dN = −δM . Then substitution of equation (4.15) to
equation (4.7) gives the differential equation for x(N),
dx
dN
= A (αN +Bx)ψ . (4.16)
One can see from this equation that there are two stages of mass loss: (a) Bx αN
and (b) Bx αN . Assuming ψ > 1, we find the solutions for the two regimes,
x ≈ A
ψ + 1
αψNψ+1, N < N1, (4.17)
x ≈ [(ψ − 1)ABψ(N? −N)]1/(1−ψ) , N > N1. (4.18)
Equation (4.18) applies only as long as x  1, however it gives an estimate for
the number of orbits to complete disruption N?. The values of N1 and N? can be
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ψ2 − 1 . (4.20)
At N < N1 the growth of x is caused by the decrease in rp at practically unchanged
mass and radius of the star. After N1 orbits, the growth of x accelerates as it is
now controlled by the decreasing M (and increasing R) while the change in rp has a
negligible effect. Equations (4.17) and (4.18) imply that δM ∝ Nψ for N < N1 and
δM ∝ (N? −N)ψ/(1−ψ) for N > N1.
For example, consider the toy model described by equation (4.11). In this case,
N1 ∼ α−3/5 ∼ 103 and N? − N1 = (4/21)N1. The mass fraction lost after N1 orbits
is x(N1) ∼ αN1/B ∼ α2/5 ∼ 10−2. The detailed behavior of x(N) in the toy model
is shown in Figure 2 for a WD with initial mass M0 = 0.6M. The figure shows the
solution of equation dx/dN = A(∆/R)ψ with ∆ given by equation (4.12).
4.2.4 Periodic mass-loss rate
The mass-loss rate dM/dt is nearly periodic with the orbital period P . It is zero
throughout most of the orbit and has a strong peak near the pericenter. To illustrate




 −δM/τ(M) Rt < R0 Rt > R (4.21)
where R(M) is the radius of the unperturbed star of mass M , Rt is calculated every-
where along the orbit according to equation (4.4). δM(t) is given by equation (4.7) (it
is evaluated using the local value of Rt); τ = (Gρ¯)
−1/2 is the sound-crossing time-scale
of the star.
Figure 4.3 shows the numerical solution of equation (4.21) for the last 35 orbits
before disruption. The WD is assumed to have an initial mass M0 = 0.6M and
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Figure 4.2: Lost mass fraction x = (M0 −M)/M0 after N orbits since the onset of
tidal stripping. The WD has initial mass M0 = 0.6M. Different curves correspond
to different eccentricities of the orbit; MBH = 10
5M is assumed for all cases. The
insert shows log x plotted against logN .
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orbital eccentricity e = 0.9; the orbital period is P ≈ 2× 103 s. We plot the instanta-
neous mass-loss rate |dM/dt| versus time tloss shown by a clock that ticks only when
dM/dt 6= 0. The periodic peaks in |dM/dt| coincide with the pericenter passages.
4.3 Discussion: electromagnetic counterpart
The standard picture of EMRI envisions an orbit that gradually shrinks due to gravi-
tational radiation until its pericenter rp reaches rmin where the orbit becomes unstable
and plunges into the black hole. The main observational phase of the inspiral is when
rp decreases from ∼ 2rmin to rmin. For WDs with mass M ∼ M inspiraling into
a black hole with MBH ∼ 105M the main observational phase lasts ∼ 105 orbital
periods, which may be comparable to one year, depending on the orbital eccentricity.
We argued in Section 2 that the inspiraling WDs can experience an extended period
of slow mass loss during observations by LISA.
To summarize, the tidal stripping begins very gently because the pericenter of the
orbit drifts inward slowly, by a tiny fraction α ∼ 10−5 in one orbital period. This
leads to many repeated episodes of small mass loss. The process occurs at radius r0
(eq. 4.6), comparable to rmin. The star is strongly deformed by the tidal forces near
r0 but it barely touches its Roche lobe for a small fraction of the orbital period. As a
result, the star loses a small amount of mass through the L1 point at each pericenter
passage. To our knowledge, this regime of tidal stripping was not explored by direct
hydrodynamical simulations. Our crude estimates suggest two phases of stripping:
the first phase lasts N1 ∼ 103 orbits until the star loses ∼ 1 per cent of its mass. Then
the mass loss accelerates: the decrease in M (and the corresponding increase in the
WD radius) implies that the star overfills the Roche lobe more and more with every
pericenter passage. As a result, the star loses the remaining 99 per cent of its mass in
a few hundreds of additional orbits. The mass lost in each individual episode during
these last hundreds of orbits behaves as δM ∝ (N? − N)−ξ where N? − N  N? is
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Figure 4.3: Instantaneous mass-loss rate M˙ = |dM/dt| during the last 35 orbits
before disruption. The WD with initial mass M0 = 0.6M is orbiting a black hole
with MBH = 10
5M; the orbit has eccentricity e = 0.9. The horizontal axis shows
‘time during mass transfer’, which increases only when M˙ 6= 0. The area under each
peak is the mass lost per pericenter passage; it follows a power law with the number
of orbits left to complete disruption, δM ∝ (N? − N)−1.8, close to the results of
Section 2.3.
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the number of orbits remaining to complete disruption and ξ ∼ ψ/(ψ − 1).
According to our estimates, tidal stripping operates for days or weeks, creating
a relatively long-lived source of gas. The gas can accrete onto the black hole and
produce significant electromagnetic radiation together with the gravitational waves
observed by LISA. The radiation source may become bright before the mass loss spoils
the standard EMRI template for the gravitational-wave signal.
The gas produced by tidal stripping moves on nearly Keplerian orbits that are
initially close to the WD orbit. The gas probably leaves the star with relative velocity
∼ vesc = (2GM/R)1/2 and its orbital energy differs from that of the star by a small
fraction ∼ vesc/v ∼ (Mr0/MBHR)1/2 ∼ γ−1/2(M/MBH)1/3 ∼ 1/30. After ∼ 30 orbital
periods, the differential rotation of the gas has stretched it into a ring around the
black hole. A non-zero eccentricity of the donor orbit will create an eccentric ring. It
should viscously spread and accrete onto the black hole. A small mass-loss fraction x
can be a huge source of gas for accretion. If most of the stripped matter is accreted
by the black hole, the accretion rate is M˙ ∼ δM/P . It exceeds the Eddington value
M˙Edd ∼ 1023(MBH/105M) g s−1 after N ∼ 10 orbits since the beginning of tidal
stripping, well before the final disruption of the WD. The accretion timescale in the
viscous ring can be estimated as tacc ∼ α−1v (H/r)−2P where P is the WD orbital
period, αv = 0.01 − 0.1 is the viscosity parameter and H is the thickness of the
ring (e.g. [Shakura and Sunyaev, 1973]). H/r ∼ 1 is expected for super-Eddington
accretion, which leads to tacc ∼ (10− 100)P .
This suggests that a bright source with Eddington luminosity LEdd ∼ 1043 erg s−1
is created quickly, in less than 1 day after the beginning of tidal stripping. For a typical
distance to such LISA sources, d ∼ 100 Mpc, the accretion ring should be detectable
with optical and X-ray telescopes provided its approximate location on the sky is
known. LISA is expected to localize EMRIs within ∼ 10 deg2 [Barack and Cutler,
2004]. For massive black-hole mergers, the localization information will be available
weeks to months prior to the final coalescence ([Kocsis et al., 2007], [Kocsis et al.,
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2008]; [Lang and Hughes, 2008]), and the localization expectations for WD EMRIs
are similar (S. Drasco, J. Gair, I. Mandel, E. Porter, private communications), giving
sufficient time for simultaneous optical and X-ray observations during inspiral.
Mass transfer in WD inspirals is special as it creates a long-lived source of gas very
close to the black hole horizon, r0 − rg ∼ rg. As a result, the donor orbit is generally
not confined to a plane, if the black hole rotation is significant. Besides, the orbit
will experience fast precession. Therefore, the freshly stripped gas may collide with
the previously released gas and generate shocks (e.g. [Evans and Kochanek, 1989]).
The resulting pattern of accretion may be complicated and needs careful study.
An intriguing feature of tidal stripping is the periodic supply of gas. It may leave
a fingerprint on the observed luminosity, modulating it with the WD orbital period
P . The modulation of M˙ may create a detectable oscillation in the luminosity from
the accreting ring, even though the accretion timescale tacc ∼ (10−100)P  P , tends
to reduce the amplitude of modulation. The shock emission from collisions between
the periodic flow from the L1 point and the gas accumulated around the black hole
may be strongly modulated.
The description of mass transfer in this paper is greatly simplified. The possibility
of many repeated mass-transfer episodes is robust, but the exact rate of tidal stripping
and the dynamics of accretion need to be explored with dedicated numerical simula-
tions. The great potential that such events hold for joint detections of gravitational
and electromagnetic radiation provides motivation for the effort. The joint detection
would let us witness, in real-time and unprecedented detail, the slow tidal stripping of
a WD followed by its complete disruption. Note that LISA observations are expected
to provide the mass and spin of the black hole, as well as the details of the inspiral
orbit. This can be used to model in detail the hydrodynamics of accretion.
The scenario discussed in this paper assumes r0 > rmin and uses a semi-Newtonian
description for the WD orbit. A fully relativistic model will be needed to accurately
evaluate the parameter space for such events. The relativistic effects are especially
CHAPTER 4. WHITE DWARFS STRIPPED BY MASSIVE BLACK HOLES 87
important if the black hole is rapidly rotating – then r0 and rmin will depend on the
black hole mass MBH, its spin parameter as, the eccentricity of the orbit, and the angle
between the orbital angular momentum and the angular momentum of the black hole.
The competition between tidal disruption and gravitational capture by rotating black
holes was investigated for parabolic orbits in [Beloborodov et al., 1992]. In a broad
range of MBH, the fate of a star approaching the black hole depends on the orbit
orientation and can be either disruption or capture. For inspirals with rg < r0 < rmin,
tidal stripping does not occur. Instead, rp reaches rmin and the orbit loses stability
before any mass is lost by the WD. Then the star is crushed by tidal forces as it falls
into the black hole. This strong and immediate disruption is different from the gentle
stripping considered here, suggesting rich phenomenology of WD inspirals.
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Appendix A
Kerr metric and some useful
expressions
A.1 Kerr metric
For Kerr geometry we have the following metric:
gijdx











[(r2 + a2)2 − a2∆ sin2(θ)]dφ2, (A.1)
where
ρ2 = r2 + a2 cos2 θ, (A.2)
∆ = r2 − 2GMr + a2. (A.3)
The inverse of Kerr metric is
gij∂i∂j = −(r
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A.2 Radial equation of motion for the mini-disc
















It is desirable to work with the “constant” of motion uφ instead of u
φ, we can use
uφ = gtφu
t + gφφu









































u2φ + 1. (A.8)
Replacing ut from eq.A.8 into eq.A.7 we get an equation of the form
∂gkl
∂r
ukul = A+B(ur)2 + Cu2φ +Duφu
t, (A.9)
where A,B,C and D are functions of r only and ut is supposed to be expressed in





















































To calculate the previous coefficients we have the following identities satisfied on the
equatorial plane,

















r2(r3 + a2(r + rg))
(A.17)
The coefficients A, B, C and D simplify to
A = − rg(r
4 + a4 + 2a2r(r − rg))
r(a2 + r(r − rg))(r3 + a2(r + rg)) , (A.18)
B − 2∂rgrr = − a
2r(2r − 3rg)
(a2 + r(r − rg))(r3 + a2(r + rg)) , (A.19)
C = −r
4(2r − 3rg)− 2a4rg + a2r(2r2 − 3rgr + 3r2g)
(a2 + r(r − rg))(r3 + a2(r + rg))2 , (A.20)
D = − 2arg(3r
2 + a2)
(r3 + a2(r + rg))2
(A.21)
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Appendix B
Calculation of the escaping
luminosity
B.1 Angular distribution of emission in the local
ZAMO frame












The ring emits photons in all directions, which will be parameterized by unit 3D
vector Ω¯ in the local frame of ZAMO (zero-angular-momentum observer at fixed r,















Here δL¯ is the luminosity of the ring measured by ZAMO and t¯ is the proper time
of ZAMO. E/E¯ is the ratio of photon energy measured at infinity, E = −cvt, and
measured by ZAMO, E¯ = −cv¯t = cv¯t; this ratio depends on the emission direction
Ω¯. It is found from the Lorentz transformation of the photon 4-velocity from the
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The ratio dt¯/dt appearing in equation (B.2) equals (−g˜tt)1/2.
The angular distribution of luminosity measured by ZAMO, d(δL¯)/dΩ¯, is related
to the angular distribution of luminosity in the rest frame of the accreting gas of the









where β is the disc velocity (in units of c) measured by ZAMO. We assume that
emission is approximately isotropic in the gas frame, i.e. d(δLc)/dΩc = δLc/4pi.









γ4(1− β · Ω¯)3 dΩ¯. (B.7)
The expression for escaping luminosity δLesc is similar except that the integral is
















γ4(1− β · Ω¯)3 dΩ¯.
Evaluating the integral over 4pi we obtain equation (2.40).
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B.2 Escape cones













= sinα cosϕ. (B.10)









r4 + a2r(r + rg)












r4 + a2r(r + rg)




where all metric coefficients have been evaluated at the equatorial plane at the emis-
sion radius r.
The photon 4-velocity vi is expressible in terms of four integrals of motion in
Kerr metric: energy E, total angular momentum L, its projection Lz, and Carter
integral Γ. Using these expressions (see e.g. Chandrasekar 1982) and choosing the
affine parameter along the photon worldline so that E = c2, we find vr/vt and vθ/vt
as functions of r, Γ and Lz, and obtain
cos2 α =
r4 + a2r(r + rg)
[r4 + a2r(r + rg)− rgaLzr]2






sin2 α sin2 ϕ = − (Γ + L2z) (r2 + a2 − rgr)
× [r
4 + a2r(r + rg)]
[r4 + a2r(r + rg)− rgaLzr]2
. (B.14)
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Equations (B.13) and (B.14) can be solved for Lz and Γ for given r, α and ϕ.
The fate of a photon is determined by the equation of radial motion for null
geodesics (e.g. Chandrasekar 1982),
(











E2 − 2rgaELzr + a2L2z, (B.15)
where E = c2 with our choice of affine parameter along photon worldline. The possible
turning points rturn are found from the condition v
r = 0. Let r0 be the initial radial
position of the photon. Two cases are possible: (i) v(r0) > 0, the photon escapes
if there are no rturn > r0. (ii) v(r0) < 0, the photon escapes if there is at least one
turning point such that rh < rturn < r0 and no rturn > r0.
For any given direction Ω¯, we find Lz and Γ from equations (B.13) and (B.14),
then determine the roots rturn of equation v
r(r) = 0 and check the escape conditions.
All escaping directions form the “cone” Sesc on the sky of ZAMO, which is found
numerically. Figure B.1 shows the escape cones for five emission radii r0 and four
values of a?.
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Figure B.1: Escape cones Sesc on the ZAMO sky. The photon direction Ω¯ is specified
by two angles α and ϕ (eqs. B.8-B.10). The figure uses polar coordinates (ρ, φ)
with ρ = α/pi to represent all possible photon directions. The origin of the diagram
ρ = 0 corresponds to the radial direction away from the black hole (such photons
always escape) and the unit circle ρ = 1 (thick black curve) corresponds to the radial
direction into the black hole (such photons are captured). The colour curves show the
boundary of the escape cone for five emission radii; the emission radius is indicated
next to the curves, in units of the horizon radius rh. The figure presents four such
diagrams calculated for black holes with spin parameter a? = 0, 0.6, 0.9, and 0.998.
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Appendix C
Structure of a cold and
non-rotating white dwarf
In chapter 4 we consider spherically symmetric (non-rotating) cold (kT << EF , ther-
mal energy much smaller than the electron’s Fermi energy) white dwarfs of uniform
chemical composition supported by electron’s degeneracy pressure. The equation of










where f(x) = x(2x2 − 3)(1 + x2)1/2 + 3 ln (x+ (1 + x2)1/2) ,















where C1 = pim
4
ec
5/(3h3) and C2 = 8piµemum
3
ec
3/(3h3). Changing variables as ϕ =
√
1 + x2/zc, ξ = r/α, with zc a constant such that ϕ(0) = 1 and α =
√
(2C1/piG)/(zcC2),
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Figure C.1: Mass-radius relationship for cold white dwarf.
At ξ = 0 we must have ϕ = 1 and ϕ′ = 0 (this guarantees a continuos first derivative
of ρ at the center).
The numerical constants are








3.866× 108 cm. (C.6)
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where R∗ = 0.01356R, Mc = 1.4384M and β = 0.477, is a good fit for the mass-
radius relation.
